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PREFACE. 



Since tiie period at which the study of the 
DifierentiM Calculus in its modem form has 
been cultivBted in England, so numerous have 
b^n the treatises designed for the purposes of 
instruction in that calculus, that the appear- 
ance of a new work on the subject may be 
thought to need explanation. 

The following short treatise, then, has been 
compiled with a special reference to the circunr- 
stances under which mathematical studies are at 
present prosecuted in Oxford. And it is hoped 
that the academical student will find it better 
adapted to his immediate wants and objects 
than the existing larger treatises, which, though 
most valuable sources of information on the 
higher parts pf the calculus, and of illustration 
for all parts of it, are neither always sufficiently 
satisfactory in their exposition of the first prin- 
ciples, nor in their general design altogether 
well adf^ted to the purposes of elementary in- 
struction. 
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In the present Compendium it has been 
the author's object to compress into the small- 
est compass, consistent with tJie full explana- 
tion of every process, an account of the most 
essential principles of the science. He has li- 
mited the extent of his selection to those parts 
which are at once of the most general and use- 
ful application, and of a nature suited' to the 
earlier stages of a studeilt's progress. In the 
Integral Cdculus especially, he has carried the 
investigation (mly so far as to convey a general 
notion of its nature, and to supply what is re- 
quisite for its application to those subjects 
which usually form a part of an elementary 



Throughout the whole, ihe author's attention 
has been exclusively directed to the elucidation 
of the fundamental principles of the science, 
rather than to the details of its applications i 
since it appears to him that it is in the former 
particular that most of the existing treatises 
are deficient, while in the latter they are re- 
dundant. 

For a supply of examples, illustrations, and 
applications, the student is therefore presumed 
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to have constantly at hand the valuable " Col- 
*' lection of Examples on the Difierential Cal- 
** culu^" by Mr. Peacock ; and for jnore general 
views of the science, and the discussion of its 
more abstruse departments, he is referred to 
->the treatises of Lacroix, Boucharlat, Ludner, 
Jephson, and Hind, from which the fullest in- 
formation may be derived. To these works par- 
ticular references are given through all parts of 
the following Treatise. 

For his materials ike author makes no claim 
to originality, but acknowledges himself largely 
indebted to the treatises of Boucharlat and lor 
croix. He is aware that the omission of ex- 
amples may by many be regarded as a great de- 
fect. But should the present little work be 
favourably received, he hopes at a future period 
in some measure to remedy this defect by offer- 
ing a collection of the applications of the cal- 
culus to the geometry of curves, with a view to 
tiie completion of his former introductory Tr€|a- 
tise on the Elements of Curves. 
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THE PRINCIPLES 

OP THE 

DIFFERENTIAL CALCULUS. 

Jpreliminary notions, and first principies of 
Differentiation. 

X HE firrt principles of the science which has been 
named the Fluxional or Differential Calculus are 
grounded upon a doctrine which, though it is often 
regarded as involving abstruse considerations, is yet in 
reality only an application of a simple algebraical truth, 
which we will proceed to demonstrate in the following 
manner : 

Prom the nature of ratios, if we have 
« * -. 

we have aiso 

a — j: _ 

Now let x=a and y = h; the first propoption is ob- 
viously preserved; and we also have in the second 
equation, 

in' which value j) is any finite quantity. 

Obs. Thus if we obtain any expression which under 
paHicular conditions has both its numerator amd deno- 
minator reduced to at ike same time, it is by no 
means to be imagined that the expressitm becomes nu- 
gatory or useless : it may have any finite value : aad 
B2 
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4 FIRST PRINCIPLES. 

we shall afterwards find the means of assigning such 
values in particular cases, and shall hare abundant 
proof of their utility. 

Thb expression p, which is the value of the ratio 
when the numerator and denominator are both ahso~ 
lutely = 0, is evidently the limit towards which the va- 
lue of the ratio approaches, when its terms are indeji~ 
nitely diminished. 

Def. If any algebraic expression be given involving 
a quantity, supposed variable, in any of its powers, or 
combined by any operation with other quantities sup- 
posed constant, that expression has its changes of value 
solely dependent upon the value given to the variable ; 
it is called ajvnction of the variable, and is usually ex- 
pressed by the following, or some similar notation ; 

whereyis not a coefficient, but the symbol of a function. 

A function may evidently be of such a nature as 
either to vanish when the variable vanishes, or not. 

Let the variable x receive an increment h ; then the 
value which the function y assumes when x becomes 
x + h, bears a certain ratio to its former value depend- 
ent upon the particular form of the function. 

Let these successive values be written, 

Their difference, or 

y,-y=/(^+A)-/(*)' 

is the increment of the Jiirtction corresponding to the 
increment h of the variable x. 

Suppose we can obtain^ {x + h) in such a form that 
we have the ratio of the increment of the Junction to 
that of the variable, in terms which do not vanish 
when h vanishes. 
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FIRST PRINCIPLES. 5 

v.— y 

or " i" = m, 
n 

where m is any quantity which does not vanish with h. 

When A=0 let m become =p; but in this case 
y^—y=Q also; 

We have therefore the ratio of the increments re- 
duced to the expression 

0_ 


This is evidently the limit to which the ratio ap- 
proaches when the increments are indefinitely dimin- 
ished. 

The quantity p, obtained for any particular function, 
is termed the d\fferentiai coejfficient : and is expressed 
by the notation 

ax 
Where d does not stand for a coefficient, hut the 
symbol of an operation ; implying that we have taken 
the Umit of the ratio of the increment of the JitJtction 
to that of the variable. 

The terms of this fraction are respectively called the 
d^fferenticds of y and of x. 

If we had originally supposed x decreasing, or had 
taken x—h, we should have had the differential coeffi- 
cient = —p. 

To find the form of the quantity p, which will ob- 
viously be different according to the form of the given 
function, is the primary object of the Differential Cal- 
culus: the process is caUed differentiation, and is in 
most cases very easily effected. 

Before proceeding to the consideration of those par- 
ticular cases, we will first observe in general, that, 
b3 
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6 FIRST PRINCIPLES. 

In the case of any functioB which can he d^eren- 
tiated, if when A = we have 

When h is finite, we have already seen that the value 
of p becomes = ffi. Let this value m=p + &, & being 
either = or a function of k which vanishes with h. 
Thus every Junction which can be differentiated must 
be capable of being expressed in the/brm 
i/, = p+ph+kh .... (1) 
Also since itt tbfe differential coefficient, the differ- 
ential of ttte Junction is that temi with whose form we 
are concerned, the result is usually expressed with re^ 
Jirence to it, 

dtfmpda;. 



DIFFERENTIATION OP ALGEBRAIC FUNC- 
TIONS. 
Let us take the very simple function y = ax. 
Here y,=aa; + aA. 

Whence ^'~^ = a. 
h 

And when A=0, this becomes 

OT, dy=a . dx 
that is d.ax=a.das . . . . i^) 
Next iet the function be 
y=a + x^ 
Here y, = a + x + h 

and y^^-1 



■dpyGooglc 



DIFFERENTIATION. 
ADd wheo h=0. 



or dy=dx; 

^haii&,d(a + x)=dx (3) 

Thus we may observe, a constant united by addi- 
tion {or subtraction) disappears, but united by multi- 
plication is retained, in the differentiation. 

To find the differential of a sum of several functions. 
Let V y %, &c. be functions of x which can be differ- 
entiated separately, and let 

^^ —n ^y — n '^'^ — At 
dx~ ^^~ ^^X~ ' 
these must have been derived from the fonns 

», = «7 +ph + kh 

y, = y + gh + lh 

z, = z + rh + mk, &CC. 
Adding these t<^ther 

v, + y, + K, = v+y+K + {p + q + r) h+(k + l + m)h. 
Whence we have 

but since k,l,m, vanish with h, when h = 0, this becomes 

_dv , ^ , ^ 
dx da dx 

or, suppressing the common denominator, 

(f (u+y +a!)=(/« + dy + (/a .... (4) 

Upon the same principle we may find the differen- 
tial of a product of two or more functions. 

Taking the expressions for y, x, and multiplying 
them together, we have 

B 4 
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8 DIFFERENTIATION 

+ rk [y + &c.] l 
+ mh[tf + &c.] ) 
WheDce, traDsposing, and dividing hy k 



+ {rq + &c.]A 3 



which, when ^=0, becomes 
dy% 

or by substitution for g and r we have, 

CM! OflT das 
and suppressing the common factor dx, 
d .s,y = 2dy + ydz. 
Htus, to find the d^ereniial of the product of two 
variables, we must multiply each by the differential 
of the other, and add the products. 

Bj means of this rule, we shall easily find the differ- 
ential of a product of three variables. 

Let it, for example, be yxu; make y*=t, whence 
we shall have d . yxu =d ,tu. • 

But by what has preceded, 

d.ttt = tdu + udty 
and since t=yz, we have dt=yd» + xdy. 

Substituting, therefore, these values of t and dt, the 
equation is changed into 

d . yzu = yxdu + uydz + uzdy (5) 

We see then that the same rule still holds for a pro- 
duct of three variables ; viz. that we must write down 
the product yzu, replace successively each variable by 
its d^erential, and add the products. 

The same rule evidently holds good for any greater 
number of variables. 
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OF ALGEBRAIC QUANTITIES. 9 

The differential of a fraction ~ is ^ — _^ ; for sup- 

y y" 

pose ^=t, we have x=ty, and dz = tdv + ydt (form S), 

y 

from which we find ydt==d% — tdy: 

putting on the second side the value of t, there results, 

ydt^dt — ^dv> 

V 

reducing to the same denominator. 



and lastly, 

^f_ yd^-«dy ^^^ %_ ydt-i^y ^ .g 

r y y' . 

If in the equation d.y%u=yxdu+yudz + uzdy, we 
divide each term by yxu, we shall get 

d.yzu _du dx dy ^ 
tfxu u 2 y ' 

and generally, by dividing the differential of the pro- 
duct of any number of variables by the product itself, 
we shall find, 

d.xyz tu dx dy d% dt du . 

= h-— + — + h 1- &C. 

xyztu X y s / u 

If now X, y, %, f, u, &c., be each equal to x, and the 
number of them be m, we shall have on the second 

side of this equation m terms, each equal to— ; the 

X 

second side will therefore be changed into ™ , and 

X 

the equation will become 
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10 DIFFERENTIATION 

d.af mdx 

and mulUiidyiiig hy af*, we shall have 

d.af = mjr-'dx, (7) 

We may hence deduce this rule : w^n a vari(Ale it 
raised to a power m, to obtain itx differential, we 
must 1". make the index the coefficient: ^. diminish 
the index of the variable hy unity ; S**. multiply this 
product hy dx. 

The same rule will htdd, if the index be fractional or 
n^ative, as may be thus shewn : 

To prove the first case, let y = x^', raise both sides to 
the power q, when we shall hare y^=z3^, and therefore, 
by form (7), qy^'dy =paf~'dx ; whence we find, 

dv=^. dx; 

and since x^', y*"', may be put under the forms — ,?^ 

substituting these values, we hare 

dy=t^Uxi 

and since 3?='if, the preceding equation is redu(^ to 

dv =^^dx ; 
9^ 
Lastly, putting for y its value, we obtain 

dy==^.—dx; 
q X 

and bringing the denominator x ioto'the numerator, we 

have 

dy=£.x dx. 
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OF EXPONENTIAL FUNCTIONS. 11 

a I'es^t the same as would have been obtained for the 

differential of y=a» by api^ying the fonn 7. 

To demonstrate the cbse in w^h the index is ne- 
gative, let y = x~'': this is the same with !/ = --^ which 

being differentiated hy the rule for fractions, we shall 
have 



Observing that unity being a constant, its different 

tial is 0, this expression is reduced to dy= ' — ; 

whence differentiating by form (7) we shall have 
._ pjf^dx 

and subtracting the index 2p from the index ^ — 1, 

there results, lastly, dy = —px-'^'dx, as we should 
have found by applying the form 7. We conclude, 
therefore, that this rule holds true, whatever be the 
iodex of X, that is to say, whether the index be inte- 
gral, fractional, positive or negative. 



DIFFERENTIATION OF EXPONENTIAL 
FUNCTIONS. 

To differentiate the exponential function 

y = a'. 
When X becomes a; + A, we have 

and the difference or increment is 

a'+*-a'=o'(a*-l). 
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la DIFFERENTIATION 

In order to express it in terms involving h, as before 
explained, (form 1,) we may assume a = \-^h, whence 

o* = (1 + ft)» = 1 + ;Si + li^zll J» 

or a*-l = A6 + *i*:il)6' + &c. 

2 

S 

or arranging by powers of H, ibis 

+ Aic. 
. a-y-cf 






or when A = 0, (writing the constant part=^) 



or dx = \ ^ (8) 



DIFFERENTIiTION OF TRIGONOMETRICAL 

FUNCTIONS. 

From geometrical considerations it appears that the 
limit of the ratio of the sine to the arc is unitj ; or we 

-•* =1. 
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OF TRIGONOMETRICAL FUNCTIONS. IS 

To find the differential of the sine whose arc is x^ 
suppose that the arc receives an incremeot h ; then we 
have, by trigonometry, 

sin. (x +h) = sin. x . cos. h + cos. x . sin. h. 
Subtracting from this function its primitive, and divid- 
ing by the increment k of the variable, we shall have 
sin. (x +h) — ain. x _sm. x . cos. h + N.11. h .cos. x —an, x 
k ~' h * 

and collecting together the terms multiplied by sin, x 
on the second side, we shall find 

sin. (x +A)— sin. ^_sin.;t;(cos.A— 1) sin. A. cos. x 
k'" ~~ 7t ""*" k • 

When h becomes 0, cos. ^ — 1 becomes also 0, and 

— ' ~ is reduced to the form - ; it is necessary, 

therefore, to put that term under some other form, 
and, for this purpose, the equation cos.'^ + sin.'^ = I, 
gives us COS.' h — l=— sin.' h, or (cos. h — 1) (cos. A + 1) 
= —sin.'h; from which we get 

,,„ £ 1 sin.' A 
cos. A — 1 = ^ ; 

COS. h + 1 

and substituting this value in the former equation, it 
becomes 

sia.{x + k) — sm.x_ sin.x.sin.' A „sin. A 

h A(cos.A+l) h^ 

txTL I. • n sin. A , sin.' A _ 

When A = 0, — J— =1, , — ■, =- = 0; 

h cos.A + l S 

and therefore the equation is reduced to 

d . sin. X _ 

, = cos. x; 

ax 
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14 DIFFERENTIATION 

whence we deduce 1^. sin. «= COS. ^.dlar. . . > . . (9) 

- In this demonstration, the radius has been supposed 

unity. If we wish to have the differential of a una 

whose radius is a, we must make use of this form ; 

. f TV sin.iB.cos. ^ + »n. d.cos-x 

sm. (x + tt} = ; 

a 

and thereioK, in the preceding result, it will be ne- 
cessary to introduce the constant a, which will give 

J ,. , dx.cos.x 

it . sm. X = , 

a 

for the differential of the sine of an arc whose radius 
is it. 

This expression for the differential of sin. x being 
obtained, those for the differentials of the other tri* 
gonometrical lines very easily foUow. 

To find the differential of cos. x, the equation, 
sin.' a:+co8.' x=l, or rather, (ain. x) '4.(003. xy=l, 
being differentiated, gives 2 sin. x.(^. sin. iX + 3 COS. ;r.<i. 
cos. ^=0; whence we find, 

rfsi^.x.</. sin. X 
.cos.a:= ; 

CO8.X 

and putting for d . sin. x its value, dx . cos. x, by (9), and 

reducing, we have d. COS. «= —dir .sin. JT (10) 

We obtain the differential of tangent x, by consider- 
ing that tan. X = — '~~ ; which equation being differ- 
entiated by form 6, we find 
d . tan. X 



cc^.x .d .sin.x—sm.x.d.c 



COS.* X 

and putting the values of d . sin. x and d . cos. x, we shall 

, J . /cos.' X + sin.' jc\ J 

have d . tan. x={ ^ )dx, 

^ cos, X ' 
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OF TRIGONOMETRICAL FUNCTIONS, 
and thaefore, siDce co8.'« +sin.'«=l. 



(11) 



We know, by trigonometry, that the radius is a 
mean proportional between the tangent and the co- 
tangent, and between the cosine and the secant, which 
gives 

cot.a? = , sec.ir= 

tan.d? cos. 7 

By differentiating the first of these equations (form 6,) 
we find 

d.C^.^=-'-^'==- ^ =-_.^;.. (12) 

tan.' X cos.x . tan.' x sin.'x 

for, Irom the equation — '- = tan., we deduce 
cos. 

COS. tan. = sin. 
The equation sec. x= , being differentiated, 

rf .COS. J7_ sin. xdx sin, x dx 

cos.'x cos.'j7 ~cos.ii?'cos.a? 

=tan. X . sec. xdx ■ (13) 

We may determine in the same manner the differ- 

ntial of the cosecant; fc 

differentiated, we have 



COS. ^ 

gives 

rf.sec.iT 



ential of the cosecant; forcosec. .» = -; — ; which, being 
sm.x 



COS.iT dx 
sin. ^* sin. A'. 

= .cosec. j<iir=i — cot. a-cosec. .rtilr. . . . (14) 

tan.a' 

For the versed sine, by differentiating the equation 
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16 DIFFERENTIATION 

versin. J? + COS. .r = l,we find (/ . versin . <? = </ (I — cos.«), 
and by performing tiie differentiation, 

d.verdn.a!=aii.x<ht (Id) 



ON SUCCESSIVE DIFFERENTIATION. 

Let y be a function of :k ; if this be differentiated, 
we shall find a result of the form pdx, p being a quan- 
tity which may be a function of x : in this case we 
shall be able to differentiate p also, and so obtain a re- 
sult represented by qdx ; proceeding in the same man- 
ner with respect to q, the result will be of the form 
rdx, and so on : pdx, qdx, rdx, &c. are the successive 
differentials of ^. 

The equations 

dy=.pdx ^ve, dividing by dx, ^=:p, 

<^=i^ s=*' 



dq = rdx 



rf». 



&c. &c. 

q being obtained by two successive differentiations, 
and by dividing each time by dx, we will represent 

the operation by -y^, and we shall have -^=qi in 

like manner by differentiating anew, and dividing by 



dy is the first differential of y; 
d'y is the second differential ; 
d?y is the third differential ; 
and so on. 
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OP TRIGONOMETRICAL FUNCTIONS. 17 

It may happen that a certaia numb^ of differentia- 
tions shall produce a differential which is no lon^r a 
function of ^ ; in which case the process cannot be car- 
ried any further. 



THE DEVELOPEMENT 



FUNCTIONS. 



Having thus established the principles on which any 
functions can be differentiated, and explained the na- 
ture of successive differentiation, we proceed to inves- 
tigate the form in which a fiinction may be developed 
in a series. 
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18 DEVELOPEMENT OF FUNCTIONS. 

If we have a function of X' in this form, 

/{,x) = A+Bx + Cai' + Da?+kc. 
When X becomes x + h, this becomes 

f{,x + h) = A+B (x + h) + C(x+hf+ &c. 
or multiplying and expanding, it 

A + Bx + Bh 

+ Oc" + 2 OrA + «■ 

+ ZJx" + 3 fljc'* + 3 2)rf" + DA' 

+ &C. 

which, arranging and collecting the terms, 

lA+Bx+Of + rhf + kc. 

+ (£ + 20c + 3ite' + )A 
= J +(C+3Z)ic+&c. )*• 
+ (iJ + &c. )*• 

I &c. 

Or it may be written, for brevity, 

=« + ;3*+7i' + 8A> + &c. 

Here a is evidently the original value of the function, 
when A = 0, or 

If we diffCTentiate that expression, and divide hy d x, 
we have 

^ = B + iCx + ZDi^-yUc. 
ax 

Whence differentiating successively, 
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DEVELOPEMENT OF FUNCTIONS. 






But comparing these results with the coefficients in 
the developeraent ofy (x + h) we find 

^ (ir* 3.3 

&c. &c. 

Whence we have the developement 

/(..*)=/..|..g.*l.g.^^.^c..(16) 

la this, formula we have obtained an expression for 
the developement o{J'(x+h) in a series of ascending 
powers of h, with coefficients involving the successive 
difiFerential coefficients of y(«) derived from the as- 
sumption thaty(x) could be expressed bj a series of 
ascending powers of x. 

But since the values of those differential coefficients 
must be the same in whatever way they are deduced, 
it follows that if we have y (x) in any form suck, thai 
we can obtain its successive differential co^icients, 
these will give us the coefficients of a series of ascend- 
ing powers of h, divided respectively by the numbers, 
1, 1 . :@, 1 . 2 . 3, &c. which will represent the develope- 
ment of the function when x becomes {!c-\-k). 
c2 



,y Google 



90 DEVELOPEMENT OF FUNCTIONS. 

This formula is called Taylor's Theorem, from the 
name of the inventor, Dr. Brook Taylor. 

The successive differentiations above performed on 
the series expressing y (ar), when x becomes = 0, will 
have the following values, which we will write, express- 
ing the condition j;=0 by enclosing the differential 
coefficients in brackets : 

Or we have the series fory(x) 
/W = (/W) + (|>.(g)^^.S,c (17) 

This formula gives us the developement o{J'(x) in 
ascending powers of x, and the successive differential 
coefficients in the form which they take when iX = 0. 

This is commonly called Maclaurin's Theorem ; but 
is undoubtedly the invention of Stirling. 

This formula necessarily supposes thaty(x) can be 
expressed by a series of powera of x. 

In regard to Taylor's Theorem, it may be necessary 
to observe that the developement of the function in this 
form supposes the successive differential coefficients to 
be finite quantities, or if at any term the correspond- 
ing differential coefficient should become infinite, the 
developement could not be carried further. 

These remarks are made, because some writers, at- 
' tempting to apply the formulee in cases of this kind, 
have called them failures or exceptions. It is not ne- 
cessary here toenter further upon the subject; bat the 
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reader laay consult Boucharlat (TransL) p. 16SS. or 
Lardner's Diff. Calc. p. 4>S, 49- 

These theorems for the developement of functions are 
however oolj particular cases of forraulee yet more ge- 
neral ; viz. those of La Grange and La Place. For ao 
account of these, which would be unsuitable to so ele- 
mentary a treatise as the present, see Lardner, p. 50. 
or Lacroix, (Transl.) note E. 



ON MAXIMA AND MINIMA OF FUNCTIONS OF 
ONE VARIABLE. 

We may, in the series of Taylor, give such a value 
to the increment h, that any one of the terms of the 
series shall be greater than the sum of all those that 
follow. For, the series being represented by 

if we wish that -^h, for instance, should become greater 

than the sum of all the other terms following, we may 
write the part of the series commencing from that 
term, thus : 

(dy d'y h d^y A' ,i,Ah- 
and since, when we make A =0, the part 

vanishes, it will be easily seen that by taking h exceed- 
ingly small, that part may be made as small as we 
C3 
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please, and therefore be made less thtm-f, which is in- 
dependent of h. Let * be what -^ i- &c. becomes in 

"^ ax' ^ 

this case : then the series will be reduced to( ^ + « Mj' 

and since we have -^>% or, multiplying by h, 

-fh > %k, it follows that the term -f-k is greater than 
ax ax ° 

the sum of all the succeeding terms. The same may 

be proved for every term in respect of those that 

follow. 

This being premised, if we have an expression for 
any function, as y =J'x, and if at any particular value of 
y, ;r be supposed to receive an increment h, and then an 
equal decrement, and we have the conditions fulfilled, 

' /(« + *) < A f{x~h) <fx. 

Then this value of y is said to be a maximum value of 
the function. 

If, on the contrary, we have the conditions, 

f{x + A) >fx, f{x - h) >fx. 

The value of y is then said to be a minimufa. 

Or, when J'{x + h) and f{x — h) are at the same 
time both less thaafx, there will be a maximum ; and 
if these functions be at the same time both greater 
than^, there will be a minimum: if, lastly, one of 
these functions be greater and the other less, t\iaafx, 
there will be neither a maximum nor a minimum. 

We must therefore investigate the cases in which 
these conditions can be fulfilled ; and for this purpose 
we have, by Taylor's theorem, 

•'^ ' " dx S^ 1.2 <&• 1.2.3 
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in which series^ if we chaage k into — h, we find alao 

In order, therefore, that y =Jk may be a maximum 
or a minimum, these two developements must be both 
less or both greater than y ; but this cannot be, unless 

^^be=0. For by giving to k an exceedingly small 

value, we may always render -J: A greater than the sum 
of all the terms that follow ; in which case the sign of 
-^k will be liliewise the sign of ^A, together with the 

following terms ; so that, on this hypothesis, if -^h be 

positive in one of the above developements, that de- 
velopement will be greater than y, and will be less than 

y, if ^^ be negative. But the signs of ^A are dif- 
dx ax 

ferent in these devdopements, and therefore, if ^h be 

ax 

positive in one, it must be negative in the other: 

whence it follows, that one of the quantities,y(ir + k) 

anAfix — h), will be greater, and the other less than^. 

If, therefore, ^ be not = 0, there cannot be either a 



'^ 



^9^ 



maximum or a minimum ; but if -i. = 0, then the de- 
air 

velopements will be reduced to 

f(X4.h\-V + ^ ~^ + ^^ ** +&C 



3x'1.2 dx' 
•'^ ' ^ dafl.2 dx'l.Z.3 



■ (18) 
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in which case, the sign of the terms that follow p will 

depend on -^, if only h be taken so small that that 

term may be greater than the sum of all those that 

follow ; and since -^ has the same sign in the two 
(Ac* 

developements, it follows, that if -^ be positive, the 

two functions of a+h and x—h will be both greater 
thaxi^; and in this case, therefbre,j^ will be a mini- 
mum. In the same manner it will be seen, that if -^^ 

dai' 
be n^^tive,^ wilt be a maximum. 

The principle, however, is more general. 

We cannot have a maximum or minimum, unless also 
-^=0. Then, taking h exceedingly small, the sign of 

the quantities following y will depend o^-J^* ^^^ ^^ 

may prove, as before, that if ^ be positive,^ is a 
ax* 

minimum ; and if -^ be negative, j^ is a maximum ; 

and so on. Grenerally, rf the first coefficient, that does 
not vanish, be of an even order, there will be a mini- 
mum when it is positive, and a meiximum when it is 
negative. 

By these conditions then we may in any given fimc^ 
tion find the value of x, which gives y a maximum or 
minimum. 
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FUNCTIONS OF TWO VAEIABLtS. 



DIFFERENTIATION OF FUNCTIONS OF TWO 
VARIABLES. 



If we have a function of two independent variables, 

as 

its variation will be jointly dependent upon the incre- 
ments of X aod y, or the function will become 

In order to obtain the developement of this function, 
we may consider, first, the variation as arising from the 
increment of x, supposing y constant ; and, secondly, 
from the increment of y, supposing x constant. 

We may obtain the developement on each of these 
suppositions separately by Taylor's Theorem, in the- 
following manner : 

First, changing x into x+hvie shall have 

/(^ + *,S,) = «+^*+_^._+&c. 
in which series y in contained only in the functions 

du efu o 
' dx dsf* 

When therefore we change y into y + A we must deve- 

lope each of these fiinctions u, Jt, &c. for the incre- 
ax 

ment y+k, supposing x constant. Thus we must re- 
place, in the equation above. 
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■' dy dy'l . 2 rfy'2 .8 



du . du 'a&' 
dx dy dy 



"^'1.2"^ dy> 2:5 

die" 'lie- "%"^"'" <V 2 "*" rfy> 2.3"^ 

&c., &c., &c., &c., &c. ; 
and forming as many lines as there are terms in the 
eqaation, we shall obtain 

dt/ dg-2 



du, 
dx 



'3ar- 



f &c. 



.(A) 



dy 
d'uh' 

+ &C. 

If we had made these substitutions in an inverse 
order, we should have found, first, by changing y into 

„, ,, du, d'uJc' d'U k^ n 

and putting then in each term a? + A in place of x, we 
should have arrived at this developement, 

J., , .\ du, d'uh* t 

f{y+k,x + h)=u + -j-_k + ^f-.^-+ &c. 



^dx" 



5? 2 
du 



dx 
d'uk' 



dy 



hk + &c. - 

+ &c. 

+ &C.J 



■(-B) 
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"Hie order in which we make these substitutions 
being arbitrary, (since in putting x + h wherever x 
enters, and y + k wherever y enters, these operations 
cannot affect each other), it follows, that the two deve- 
lopements (A) and (S) must be ideutical, and conse- 
quently the terms affected by the same products of h 
and k have the same values. 

Equating therefore the terms which are multiplied 
by kk, we shall obtain 
^ du J du 
' dx _ ' dy d'u _ d'u ,... 

dy dx ' dxdy ~ dydx' ^ 

an equation which shews us that, in taking the second 
differential of the product of two variables, the order of 
the differentiations is arbitrary. 

The same thing may be proved for the differential 
coefficients of higher orders, by equating the differen- 
tial coefficients of the other terms of the equations {A) 
and (JS) ; which are multiplied into the same powers of 
h and It. Thus we have in general, 

rf-+"« _ ^+"» 

dy* daf dx'^dy ^ 

If we extend the definition of the differential of a func- 
tion of one variable to those of two variables, we may 
derive the form of this differential from the preceding 
developement : for we have the increment of the func- 
tion 

r rf«, 
1 ^*+&'^- 

f{x + h, y+A) -/(ic, y) = J 



'\P^^- 



To express the ratio of this increment relatively to 

Do,1,7cd.yGoOglc 



«8 FUNCTIONS OF TWO VARIABLES. 

those of the variables, we must divide the first series by 
k and the second hy k: and in passing from the diffe- 
rential coefficient to the differential, we must multiply 
the first term by <£r, and the second by dy : thus we 
have 

d/(.,y)=*& + |di,....(21). 

It must be observed, that these terms mean respect- 
ively the differentiation of the function, with respect to 
one variable, the other being supposed constant. And 
taken separately they are called the partial d^eren- 
tials of the function : their sum constitutes the total 
d^erential. 

For the further investigation of the differentials of 
functions of two variables, and their maxima and mi- 
nima, the student is referred to Lacroix, (TransL) p. 
145, 164; Jephson's Fluxional Calculus, p. 140, &c. ; 
or Boucharlat, (TransL) p. 116. 
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APPLICATIONS 

OF THE 

DIFFERENTIAL CALCULUS. 



Applications of the theory of the developement t 

JvncHona to several cases (^Algebraic and 

Transcendental Jknctions. 



ALGEBRAIC FUNCTIONS. 
1. Let the function to be developed be, 
1 





a+x 


• 






diflferentiating, we 


find 
















whence ^_ , \ .; 
ax \a+x) 










anew, we 


diaUget 


successively 


d-y_ 


.2(a+x) 


2 
{.a + xf 








3.3(o+x 
(a + xy 


)■_ 2.3 

{a+x)' 




&c. 
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30 DIFFERENTIAL CALCULUS. 

Makioe then a;=0 in the values of w, ^, t^, -^, 
** ^ dx' daf dx^ 

we find 

iv)-'^ {^\ = -l (^\=^,(^\ = -^^- 
^^' a \dx) a' Kda^} a» \da^f a* 

and substituting these values and that of y in the for- 
mula, we shall obtain 

1 1 a; a;' a^ , 

=-— _ + --_ +&C. 

a + x a a' a» a* 

2d. For a second application, take tf = Va' + bx ; we 
have then 

y = (a' + bx)^' 

ty= -i-i {a'+bx)-ib'= — ,i:ii^. 
d^ ^/^a*+bxy 

^=^.^.1 (t^+ba;)-ib^=±-i-i-^: 
d^ ^/{a' + bxy 

making ^ = 0, these values will become 



(,)=«.=. (|)=i.|(g)=_i.i. 



i' 



\dX') ai 



and substituting these values of (y), (-^) &c. in the 

^dx' 
formula, we shall find 
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BINOMIAL THEOREM. 31 

3d. B7 the same method we may obtain the deve- 
lopement of ^=(a + x) ", or in other words, we may 
prove the Biaomial theorem in its most general form ; 
since we have before established the differentiation of 
all powers whether whole or fractional, positive or ne- 
gative, without assuming it. We have then 



g=fl.(«-l)(a+;c)-', 

^=m(m-l)(m-Q)(a + x)'^; &c. 
making x=0, the value of ^ is reduced to a", whence 

(y) =a" and the differential coefficients ^, -J^, &c. 

dx d^ 
give us 

i^£\ = mCm— 1) (ot — 2} a""", which values of 

^^' (^)' (3^)' ^'^" being substituted in the formula, 
we find 

(o + a;) - = o- + MMT-'ar + m i^i:2l«r- a!* 

+ «,(^).fcS«-.^+&c. . . . (28) 

In the foregoing instances we have made use of Stir- 
ling's series ; in the following case we have an applica- 
tion of Taylor's theorem. 

Let y, = v'ar + A be the function ; 
we have then 
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SINES AND COSINES. 


and therefore 








£=**"» 


1 






^=-*- 


-* = -* 


I 






substituting in the formula we have 



^/^T^^^:i+^-i-^+v,^. 



TBIGONOMETKICAL FUNCHONS. 

Let y, = sin. (a: + A), whence it follows that y = sin. x; 
and we may therefore form the successive differential 
coeffidents thus ; 

^ = cos.ar;-,2= — »iu.»,^^ = 
dx oaf da? 

and substituting in Taylor's formula, we find 

sin. (it + A) = sin. ar + cos. a: . - - sin. x— ^— cos.«. j~g-g 

+ sin. X . -— — -7 + cos. a;— — — -— , &c. 

t a ^ A. a 9 It K' 



Making x=0, sin. x will then be=0, cos. a! = l, and 
the series will become 

sin.A=A--^+-_^-_-&c. (23) 

1.2.3 1.2.3.4.5 ^ ' 
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If we took y, = cos. {x-^-h), we should find, proceeding 
as in the last example, that 



lOGABITHMS. 

In differentiating the exponential function, we found 

f = Aaf. 
ax 

By means of an application of Stirling's theorem we 

may determine the value of A. Investigating by that 

theorem the developement of a', we have, 

y = (f, 

d'y _Ad.<t _ AWdx _ j,^ 
(G^~ dx ~ dx ~ ' 

^ =^»a-,&c. 

dx' 

and making x=0,vre shall find 
Sutstituting these values in the series, we have 



and representing by e, the second side of this equation, 

D 
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it will be changed into aA = e, whence we find a=e^; 
and taking the logarithms, we have 

log. a = log. e* = A log. e ; 
therefore 

log.e 

Thus the value of A belonging tovAny system whose 
base is a, is determined by taking this ratio of the lo- 
garithms of a and e. 

If, then, A belong to the system whose base is e, we 

log.e 
The number e, whose value is given by the equation 
nil 1 

" = '+'+173 + 1:2.1 

selected for calculating his tables of logarithms. 

The series 1 + 1 + — — + — — — + &c. being sufficiently 

convei^ent, we may take the first ten terms as an ap- 
proximation, when we shall find the value of e to be 
2,7182818 very nearly. 

Thus e may be considered as that value of a which 
gives A = \. 

In general, -^ is called the modulus of a system 

whose base is a. 

If we designate a logarithm in the Napierian system 
by the symbol A, and one in any other system by I, we 
have as above 

or to base a, ^=-j 
, and a=e^; 
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or to base e, >ji — A\ 

or the logarithm of the Napierian base, in any system, 
is the niodulus of that system. And the Napierian lo- 
garithm of the base of any system is the reciprocal of 
its modulus. 

The Napierian higarithms are often called hyper- 
bolic; and sometimes natural logarithms. The modulus, 
being unity, they are most commonly used in analytics 
for the sake of simplicity. 

In the Napierian system we have, 

Or taking the logarithms of these quantities in any 
system, 

hf = l{e^) 
= ky.le. 
Hence for the same quantity y, Xy being constant, 
and le equal to the modulus of the assumed system, 
the logarithms of y, in different systems, unU be as 
the moduli of those systems. 

Thus if we have given the logarithm of a number in 
one system, we [tass to its Ic^rithm in another foy 
multiplying by the modulus. 

If we have y = lx, 
and y,=/(a?+A), 

we may devebpe y^ in a series, by Taylor's formula. 
. Taking the successive differentials, we have 
dx 



dy^.d.U^"-^ 


^~ X 




3? a^ aJ' 


d2 
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And substituting these values, 

'('+*)=^+Mi+£-*"= w 

This series is not sufficiently convergent to be em- 
ployed in the calculation of logarithms of numbers. 
We may however easily obtain a form which shall be 
sufficiently convergent. 

If we had taken j? — A, the form would become, 

Subtracting this equation from the former, we have, 

«(x+/,)-;(x-A)=a(|+^+&c.) 

which, by the property of logarithms, is, 

i(5±*)=2(*+^+) (27) 

In this form, substituting particular numbers fiir 
x-\-h and x — h, we may obtain some of the most fun- 
damental logarithms, from which the others may be 
derived; and by various artifices in particular cases 
the processes may be shortened. 

Other forms, more convergent, may also be obtained : 
for which, and the methods of calculating logarithms 
in general, see Boucharlat, Transl. p. 191, or Jephaon's 
Calculus, p. 49, and the Introduction to Dr. Hutton's 
Tables. 
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THEORY OF CURVES. 



APPLICATION OF THE DIFFERENTIAL CAL- 
CULUS TO THE THEORY OF CURVES. 



Many individual properties of curves are established 
hj geometry ; but we do not obtain any common prin- 
ciple by which they are connected. 

The algebraic theory of curves gives us a more ge- 
neral view of them, connecting them and their funda- 
mental properties together by one great principle, Uieir 
reference to coordinates by equations. 

But this theory does not enable us to discover all 
their properties. It shews us the limits within which 
a curve is included, and the general character of its 
form or branches. 

We have still to inquire into many other particulars 
of its form, and its properties, referring to lines con- 
nected with it. 

The differential calculus affords the means of inves- 
tigating these points upon simple principles, connecting 
them all by a general theory. 



ON TANGENTS, NORMALS, &c. TO CURVES. 
Let the equation to any curve be 

Let there be taken two ordinates, y and y„ corre- 
sponding to the abscissae x, x+h. Draw a secant 
through their extremities, meeting the axis in 5, (fig. 1.) 
d3 
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and through P draw a parallel to the axis, which will 
intercept a part of the second ordinate =y,~y, and 
will be itself = h. Then we have, hy similar triangles. 



y.- 



h. 



A SM y^-y 

But y. may be developed by Taylor's theorem, or 
we have 

Hence subtracting 

" " 3i difl.a 
Substituting this value iu that of SM, we shall find 

SM=^ \ , 



and dividing by h. 












y 






At the Unit, i=0, 


and 


SM becomes 


MT, 


which 


gives us 










the subtangent, MT 


-1 


<■■■■■ 


(28) 





Drawing a perpendicular to the tangent at P (fig. 
S, S) and the ordinate, we have by similar triangles, 

MT_ y. 

y MN' 
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THEORY OF CURVES. 
or substitutiDg for MT 

_ — _i_,; hence we have 

the subnormal MN=y . $ (39). 

ax 



In respect to the tangent and the normal, we have 



or tangent = ^ y'^+y" = yV ^ + 1 ; (30) 



or7«)f»m/=^/y.g + y=y^/^ + l (31) 

To find the equation to the tangent, let x, and y, be 

the coordinates of the point of contact P; the equation 

to the straight line PT, passing through the point P, 

may then be represented by 

y-y^ = A{x-x;), 

where A is the trigonometrical tangent of the angle 

MTP, which the tangent at P forms with the axis, 

PM 
and will therefore be expressed by ^■™.' therefore 

(writing the angle MTP= 4>) 

tan. i.=^ !^__=_%_=^ (38) 

MT tuhtangent .ctx, dx 

^^. 
Substituting this value of A in the equation to the tan- 
gent, that equation becomes 
d4 
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j'-y.=^' («-''.) (s») 

The equation to the normal will therefore be 
y_y,= -^(^-^.) (34) 



ON ASYMFrOTES TO CURVES. 



We have already found in all cases 

^=taii. A. 
ax 

If then in this expression, deduced for any particular 
curve, we suppose x, or y, or both, (according to the 
conditions of the curve,) to become injinite, we shall 
have the inclination of the tangent belonging to a 
point i^finUely remote^ or that of the asymptote. 

To find its position, or the point at which it meets 
the axis, we must take the value of the subtangent — 
the abscissa, (or the distance from the vertex to where 
the tangent meets the axis,) and substitute x, or y, or 
both, = ■» . If the expression continue finite, by this 
value, and that of tan. 0, we have the position of the 
asystole, and can consequently construct it geome- 
trically. 



MAXIMA AND MINIMA OF THE ORDINATE 
AND ABSCISSA OF CURVES. 

Knee y=f(x) may represent the equation to any 
curve, the general principles of the investigation of 
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mascima and minima apply to the maximum or mini- 
mum of the ordinate. From the given equation to 

ax 

whether the second differential coefficient be = or 
not, and so successively, till we obtain one which, does 
not vanish, whose sign determines whether it be a 
maximum or a minimum. 

Some curves admit of neither; some have both; 
some only one or the other. 

By the formula (32) tan. 0=$. 

But when the ordinate of the point of contact is either 
a maximum or a minimum, we have just seen that we 
have 

dx 

.-.tan. <^ = 0; 
that is, the tangent will in either case be parallel to 
the axis X^ (as in iig. 6, 7-) 

Since it is immaterial which of the coordinates we 
designate as x and which as y, we may write the equa> 
tion 

and the condition 

5^ = 
dy 

will give the maximum or minimum of the abscissa. 

But we hence also deduce 

dx 
Therefore keeping to the original form of the equation, 
this last condition gives tbe maximum or minimum of 
the abscissa. 
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Also this condition, according to what was just ob- 
served, indicates that the tangent is perpendicular to 
the axis of x. 



SINGULAR POINTS OF CURVES. 

POINTS OF INFLEXION. 

The determination of the maximum or minimum of 
the ordinate or abscissa gives us the limits within 
which the curve is included : but we have still to trace 
the particular form of its course within those limits. 
We shall therefore proceed to investigate the mode of 
determining whether the curve be concave or convex 
towards the axis ; also, if at any point in its course it 
change Jrom concave to convex ; which is called a 
point qfiT0lexion : and again, whether its branches at 
any point or points touch or intersect one another. 
The points in a curve at which any of these conditions ' 
take place are called singular points ; and the differen- 
tial calculus affords us the means of determining them, 
so as to give us the complete description of the curve. 

(Fig. 4, 5.) Let there be drawn a tangent to any 
curve at a point P whose coordinates are x,y: take 
another ordinate y + A corresponding to x + h: which 
being produced to meet the tangent, let the increment 
limited by the tangent be /: and the angle at which 
the tangent meets the axis, or a parallel to it through 
P, be tf>. Then from the right-an^ed triangle we 
have 

l=h. tan. <f>, 
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Hence we have 

ax 



. . . (85) 



dx' 1.2 

We have here supposed 1t>l. If we had k<.l, we 
should take 



l-h=^h-{/{x^h)-y^ 



cSr' 1.2 

or the sign of the second differential coefficient will be, 

+ , when h>l. 

That is, when the curve is convex to the axis : 

— , when k<l. 

That is, when the curve is concave to the axis. 

On the other side of the axis, or with— ^, the same 

investigation holds good ; but the signs will be reversed^ 

Hence we may say, generally, that on whatever side 

the curve falls, ^^ has the same sign as y when the 
oaf 

curve is convex to the axis of the absdssse, and has a 

contrary sign when the curve is concave to the same 

axis. 

The curve being convex or concave to the axis of 

the abscissae accordingly as the ordinate is arrived at 
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its minimum or its maximum, we see tha reason why 
-^ is positive in tbe first case and negative in the se- 
cond. 

In this inTestigatioD we have taken the ordinate cor- 
responding to ;r + A : let us now take it at any equal 
distance on the other side of P, or corresponding to 
x — h, (fig. 8). In this case, changing h into —h in the 
expression fbr ft — /, we shall have 

i,-i.=/(»-A)-y + gA. 

Replacing now the expressions y*(jr + A) and^(a:— A) 
by their developements, we shall have 

V <fo <fo'1.2 £&! 1.2.3 / 

and by reducing, these equations will become 
dx'1.2 dxil.2.S I 

A,-;.=^il-^_^+&c. *^^^ 

In order now that there may be a point of inflexion at 
P, it is necessary that when we give to A an exceed- 
ingly small value, the lines k-l and k,~l, should fall 
one above and the other below the tangent, and that 
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consequentlj k — l and k,—l, should have different 
signs. But this is not possible, unless &e first term in 
each of the series be ; for if that term be not 0, then 

we may eive to A a value so small that the term -j^ 

shall he greater than the sum of all the terms following, 
and therefore the sign of that term be the sign of the 
whole series ; and since that term is the same in the 
two series, it follows that k — l and k, — I, would in this 
case have the same sign : in order, there/ore, that they 
may have different signs, we must have 

d'y h' - d'y - 
3^1.2 d-f 



If it should happen that the same value of x, which 

makes -^ vanish, make also -=^ vanish, then, in order 
das' . dx^ 

dx* 

come likewise ; and if in this case -=-^ result 0, — ^ 
dx^ da^ 

must result also : and generaUy the last differential 

coefficient that vanishes must he of an even order. 

If the value of x, which is the same in the deve- 

lopements, be such that ^ become infinite, the two 
a*' 

developements will be so likewise; and we can then 

conclude nothing from the preceding demonstration, 

which rests on the supposition of these developements 

being possible. In this case we must observe that the 

condition -r^ = indicates, generally, that -jJ? ought to 

change its sign at the point of inflexion, which agrees 
with what was proved before : but this change of sign 
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niB7 also take place in passing through infinity ; for let 

dx' x~a' 
if, then, we substitute successively for x the values 

d'a 
x=a -r.= ». 

ax 

where we see that it is the denominator of the value of 
^, which produces the change of sign in the differen- 
tial coefficient, after passing the point of inflexion. 

Hence it follows, that if there be a point of inflexion 
in a curve, we must have, for the abscissa of that point, 

dx' dx' 

When, therefore, we have ascertained that one of these 
conditions is fulfilled, we must successively augment 
and diminish the abscissa of the point which fulfils the 
condition by a very small quantity h ; and if, for these 

new values of x, -_^ has different signs, we may then 

conclude that there is a point of inflexion : for when 

—^ is positive, the curve is convex to the axis of the 

abscissae, and concave to that axis when -j-? is negative ; 

but it is by this change from convex to concave, or 
from concave to convex, that the curve manifests its 
point of inflexion. 
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MULTIPLE POINTS. 

It may happen that the equation of a curve shall give 

dx 

the expressioD involve some root which may be con- 
nected with the other terms, either by the sign + or — . 

But since ^ = tan. ^, it follows that there are as 
dx 

many tangents to the curve at the point to which tan. 
belongs, as there are values of the diSerential coeffi- 
cient ; that is, the curve must intersect itself so many 
times at that *point; or it is called a multiple point: 
being a double, triple, &c. . point, according as two, 
three, &c. branches intersect. 

Since the differential coefficient has several values, it 
is expressed by writing 

dx 0' 

By finding these values we discover at what angles 
the branches of the curve intersect the axis. 

In some curves it is not difficult to investigiite these 
values without using any other methods than those 
here explained ; but the general investigation of such 
points cannot be effected without having recourse to 
more complex considerations relative to the values of 



within the plan of so elementary a treatise as the pre- 
sent. 

Fig. (11) represents a curve with a double, and fig. 
(12) one with a triple point. 
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The reader who is desirous of fully investigating 
these points is referred to Jephson's Calculus, chap. 5 
and IS ; to Boucharlat, (Trans.) p. 50 and 90 ; or Lard- 
ner's DifF. Calc. sect. 15. 



POINTS OF REFLEXION, &c. 

If the equation to a curve give only one value of ^ 

there will be but one tangent at a given point ; but if 

at the same time -^ has several values, then it is evi- 

dent from (35) that the developement of it — /will have 
several values; or there will be seaeral branches of 
,the curve having a common tangent. 

If these several values have all the same sign as y, 
the branches are all convex to the axis; if dilferent, they 
lie opposite ways. 

If this happen at a point where the curve terminates 
fi*om values of x beyond it giving y impossible, the 
point of several contacts is called a cugp, or point of 
reflexion ; it is said to be of the first species, when 
the curves are opposed, and of the second, when the 
concavities lie the same way. 

The two species of cusps are represented in figs. 
(9, 10.) These points are easily determined in parti- 
cular curves. Fpr their connection with the general 

theory of the values of - the reader is referred to the 

works already named. 

In the theory of curves we have instances of conju- 
gate points, which are in most cases easily determined 
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by the construction of the equation ; these points are 

also referred to the theory of the values of ^= -; but 

for these investigations the reader must have recourse 
to the same works as in the former cases. 



OSCULATION OF CURVES; 
CURVATURE, EVOLUTES, INVOLUTES, &c. 



OSCULATING CXmVES. 

Let y=<px and y=Fx be the equations to two 
curves which meet (fig. 13.) in the point P whose co- 
ordinates are d; y, we shall have then, for that point, 

and supposing that x becomes x + h, the preceding 
equations will give the ordinates belonging to the same 
abscissa in the two curves, 

If now all the corresponding terms of these deve- 
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lopements be identically the same, the two ordinates 
will have the same values, and the two curves will 
coincide ; but if we have only »f>x = Fx, the curves, as 
we have just seen, will have merely a common point JP; 
if, besides <px = Fx, we have 

d.^ _d.Fx 

dx dx ' 

the difference between the two ordinates belonging to 
the same abscissa will be less, and the curves will then 
approach more nearly to each other ; and still more, if. 
in addition to these equations, we have also 

d'if>x _d'Fx^ 
daf ^SiF * 

and so on in order ; the difference becoming continually 
less, the greater the number of terms respectively equal 
in their developements. 

This being premised, let a, b, e, &c., be the constants 
in the equation y = Fx ; we may then, without chang- 
ing the, nature of the curve, give arbitrary values to 
these constants, so that we may have, 

EF dFx dd>x d'Fx d'd>x . 
y = ifx, — = — = , , — , — ^~—,aLC; 
dx dx da^ dx* 

or taking as many of these equations as there are con- 
stants, determine the constants by the condition that 
those equations are satisfied. 

For example, if the equation y = Fx contain three 
constants, a, h, c, we may put 

' Fx-<bx ^^-^4^ ffJF^ir _ <^.fcg 
~ ' dx ~ dx ' df ~ dx' ' 

deduce from these equations the values of a, b, c, in 
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functions of Xy y, ^, -^, and substitute them in the 
^ dx did' 

equation y = Fx ; which will then possess this property, 

that when we put x + hiat x, the devehpementjbr the 

jirst curve icill have the three first term* respectively 

equal to the ^ree first terms of the deveh^pement for 

the second curve. 

The same reasoning will apply to an equation con- 
taining any other number of constants. 

Thus we have seen that if the curves y = 'px and y 
^Fx have only a common point, and x, y, be the co- 
ordinates of that point, we shall have the equation of 
condition Fx = <l>x; but if we determine two constants 
of the equation y = Fx, by the conditions Fx = <l>x, and 

— = zzf, the curves will begin to approach each 
dx dw 
other. 

Dep. Let y =fx represent what y = Fx becomes after 
w^e have substituted the values of these two constants ; 
then y=fx is called an osculate of the first order to 
the curve y = ipx; antl if (always by virtue of the arbi- 
trary values that may be given to the constants) we 
have eliminated three of the constants of the equation 
y = Fx, by means of the following equations : 

F -Ax ^^^-^'1^ d'Fx _d'<f>x . 
' dx dx' dx' dx' ' 

and y = '^x represent what y = Fx becomes after this 
substitution, the curve y=ipx is called an osculate <yf 
the second order to the curve y=ipx, which it will 
approach still nearer than y=Jx does, and so on, in 
order ; so that for an osculate qf the nth order, we 
shall have the equations determining a -t- 1 constants. 
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' dx dx' dif da^ 

daf daf ^ ' 

We will proceed to shew, that of two osculates which 
we have thus obtained, by giving arbitrary values to 
the constants of the same equation, the osculate of an 
inferior order cannot pass between the other and the 
curve, in respect to which the osculation takes place. 
For example, let JS (fig. 13.) be the curve y=zt^, and 
C its osculate y = »{«c of the second order ; we have then 
to demonstrate that the osculate X), or y ^Jx of the 
first order cannot pass betwixt the curves B and C. 

For this purpose, fay putting x^h'm place of x, in 
these equations, we shall find 

^^ ' dx *f 1.2 dc" 2.8 

' dx <fa" 1.2 ife" 2.3 

.. ,, , d.fx, d'fx h' , dfx /f , 

and y=A^ being an osculate of the second order to 
y=<px,'we must have 

^ = Ax ^ = ^ d'<px_d'i^, 
dx ds' dx" daf ' 

y =fx being an osculate of the first order io y= <px, we 
must have also 

^-^'t-tx-- 
from which equations we have therefore 
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dtftx _ d<^x _ dfx 
dx dx dx 



and only 



d'<px_d'iidc 
dx' dx' 



Let us then make 

dx 
1 '^'^_rr. 
^■^^" • 

and the three preceding developemeats may be written 

thus, 

+ (»+*)=i-+F*'+^.iL+&c. 

•' dx'l.S dx^ 1.3.3 

and observing that all the terms, commencing from that 
which is affected by ^, have A* for a common factor, 
we may suppose 

(&• 2.3 

whence, making similar reductions in the other equa- 
tions, we shall have 






aX' 
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If r be less than A ^^, let Z be the excess of 1^ 
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Now the curves y=fie and y = i(«c being osculating 
curves, one of the first and the other of the second 

order, V must necessarilj differ from \ _^ ; and we 
or' 

can therefore make only two hTpotheses respecting V, 

viz. 

\ ^, let Z he the excess of iS' 
over F", then we shall have 

where Zis a positive quantity ; but if, on the contrary, 
F" be greater than i •[- , Z will be negative. 

Substituting this value of ^ ^^ in that of /{x + A), 

and observing that h" is a common factor, our three de- 
velopements will now become 

<l>(x + h) = K+{V+Mh)k\ 
tp{x+h)=K+{r+2^)h', 
/{x + k) = K+{r+Z+Ph)k'; 
and by making k exceedingly small, the quantity Z, 
which is independent of h, may become greater than 
the expressions Mh and Nh, which tend to 0. 

In this case if Z be positive, ^(jr+A)>^ {*+A) 
>!('(«+ A), or the ordinate to Z) is greater than the 
ordinates to S and C; or 2) cannot pass between the 
other two curves. 

If Z be n^ative, the ordinate to D is less than 
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either of the ordinates to B and C, or D cannot pass 
between B and C. 



ORDERS OF CONTACT. 

If we take the case in which one of the equations is 
that of a straight line, or 

y=Fx=ax-\-b, 
the equations for the two constants (as before ex- 
plained) will be, 

<px, = ax,-¥bt —X-l = a. 
ax. 

Where <l>Xt belongs to the curve and may be replaced by 
y„ hence. 



Whence hy substitution, 



ax. 



or substituting for b 



du, da, 

ax, ax. 

Whence by transposition, «. 

which is the equation to the tangent at x^,. Thus 
then, according to the definition, this osculate of the 

E 4 
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first order, is a tangent to the curve : also it fallows 
from our theory, that between that straight line and 
the curve, we cannot draw any other straight line; 
which is a property of the tangent. 

The tangent is said to have a contact of the' first 
order with the curve ; and generally an osculate of the 
order n has a contact qfthe same ore^ with the curve 
to which it is an osculate ; thus when we have, be- 
tween the two curves, the equations 

_ p, d<px_dFx d'ipx^ c^Fx 
' dx dx ' das' dx* 

these curves have with each other a contact of the 
second order ; if, besides these equations, we have also 

fP4,x_^Fx 
'd^ d^' 

the contact will be of the third order, and' so on. 



OSCULATING CIRCLE. 
The equation to the circle, which is 

contains three constants ; and we may therefore deter- 
mine the circle which has a contact of the second order 
with any curve of which we know the equation. For 
this purpose, let x, and ^, be the coordinates of the 
point P in the circumference of the circle ; the value 
of y, will then be given by the equation 
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and must replace Fx, in the equations of contact, which 

are 

„ dAx dFx d^Ax d'Fx 
dtx=Fa!f-zZ = ~^—, _ji— = ^ — 
ax ax oaf ax* 

If at the same time we tiJce x and y for the coordi- 
nates of the curve y =: i^, at the point of contact, the 
preceding equations will become 

"dx dx^ da? dx/ 

and in these we must substitute for the quantities y„ 

-f-' and — ^', their values derived from the equation to 
dx, dx^ 

the circle, and its successive differentials, which are 



(^.-^)^:-^4^>i=«- 



3^" dx,' 

Or substituting in these equations, (which since when 
y=yy we have x=x„ is done by suppressing the ac- 
cents,) we have 

(y-«-+(;t-.)> = / (38) 



(y- 


-«| — 


a = 


.(39) 


(y- 


-«£-i: 


+ 1=0.... 


.(40) 


from the last of which equations we deduce 




y-^=- 







.yGoogIc 



and, adding the numerators which have a annmoD 
factor, we shall hare 
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and putting this value in the equation (39) we obtain 

\_df'dy 

If in the equation (38), we substitute these values of 
y — j9 and x — a, it hecomes 

\difl \dx-) 

ag the numen 
shall hare 

an equation which reduces itsdf to 
and, by extracting the square root, gives 

±-^— ='" 

The double sign refers to the position of 7 : if the 
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,^, 

gative ; and in order that 7 may then result positively, 
we must take 7 with the negative sign, and write 

-^ — w~ * ^ 

da" 

for the curve being concave to the axis of the absdssse 

■^ appears as a negative quantity, and therefore, when 

substituted in the equation, will render the value of 7 
positive. 

If the curve ought to be convex to the axis of x, the 
positive sign must be prefixed to the value of 7. 

The value of 7 is sometimes expressed in this form 



■'-''^^■- (*^) 



a form which is readily deduced Irom the equation (41) ; 
for by reducing the two terms within the brackets to a 
common denominator, and observing that {dn^y is dx? 
we obtain 

Def. The circle which osculates with a given curve 
at any point is called the circle of curvature for that 
point, and its radius, the radius of curvature ; this 
then is easily obtained from the equation of the curve 
by taking its differential coefficients, and substituting 
in the above formula. 
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The osculatiDg circle has received the name of the 
circle of curvature, because by means of it we may com- 
pare or measure the curvature of the curve at any 
point ; for if at that point we describe, with the radius 
of curvature, an exceedingly small circular arc, that arc 
may be considered as the arc of the curve itself, from 
which it separates but in a very slight degree. Now 
the greater be the curvature of the circular arc, the less 
is its radius ; and it follows, therefore, that from the 
decrease- or increase of the radius of curvature, we may 
determine the increase or decrease of the curvature of 
the curve. 



EVOLUTES AND INVOLUTES. 

;^e 

angle which the tangent at P makes with the axis of x, 
the equation of the normal to a point whose coordinates 
are a and A will be, 

y-.= -|(.-.)-, 

and this equation being the same with the equation (39.) 
in which a and are the coordinates of the centre of the 
osculating circle, we see that the radius of that circle 
coincides in position with the normal to the curve. 

Def. If now, through all the points of a curve 
P, P., Pj, &c. (fig. 15.), we draw the radii of curvature 
PO, P,0^, Pfiii &C'. we shall construct a series of 
points O, 0„ Oj, &c. ; which points being all subject 
to a certain law, their locus constitutes a new curve 
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dependent on the former, and which we call the evolute 
of the curve P, this latter curve, considered relatively 
to the evolute, being called the involute. 

If now we pass from one point of the evolute to an- 
other, not only will x and y vary, but «, jS, and y will 
^so vary at the same time ; for since « and /S are, ge- 
nerally, the coordinates of the centre of the osculating 
circle, and the evolute is formed by the system of those, 
centres, it follows that a and yS are the coordinates of 
the evolute, and therefore coordinates which must vary 
for different points of the curve. It is the same with y, 
which is the radius of the osculating circle, and repre- 
sents the distance of any point of the evolute from 
that point of the involute whence y is drawn ; and 
consequentlyj by -differentiating the equation (39), in 
respect of all the letters, and dividing by das, we shall 
obtain 

and subtracting the equation (40) from this, there 
remains 

_c^ dp_da_Q 

dx' 3x dx ' 

whence we find 

da 

dy dx _ da 

dx~ W^~ dB 

di 

which value of -^ being substituted in the equation 
(d9)j we shall obtain by transposing, 

y-/5 = Jf('r-«) (43). 
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We saw, above, that the equation 

was that of the radius of curvature, passing through 
the point whose coordinates are x and y ; and it will 
therefore be always the equation of the same radius, 

when — y is replaced by -f. But the equation (43) is 
dy da 

also that of a tangent drawn at the point of the evo- 

lute, whose coordinates are a and /3 ; and the radius of 

curvature is therefore a tangent to the evolute. 

Since in the following demonstration we shall have 
to employ the differential of an arc of a curve, we will 
proceed to find that differential. 

The arc of a curve (*) , is a function of x and y ; and 
1/ being a function of x, the arc is a function of x. 

The increment of the abscissa, h, that of the ordi- 
nate ft, and the chord c of the increment of the arc, 
form a right angled triangle ; whence we have 



ButA=/(x+A)->=f'>S + ^il+&c.: 
dx dx'1.2 

substituting which value squared in the expression for 
c\ and representing the coefficients of k\ h*, &c. by 
A, B, &c. we shall have 



iA^^%)^^^^^^'^^-' 



■•■\ = ^l+^ + Ah + Bh'^&ic. 
h ax' 
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When A=0, c=0. Hence we have 



^ - /i .^*. 
dx oaf 

whence, multiplying by da^, we deduce 
dg='^dx' + ^'. 
For the evolute the coordinates are a and /3; and for 
it, therefore, we shall have in like manner 



dt=^da' +d^'. 
If now we differentiate the equation (38) in respect 
of all the letters, we shall find 

(y-/3) {dy-dp) + {x-a) {dx-da)=ydy, 
and equation (39) gives us 

{y-P)dy + {x-a)dx=0, 
which equation being subtracted from the preceding 
one, we have remaining 

-(y-0)d0-{x~a)d» = ydy (44). 

Substituting in this equation, and in the equation 
(38) the value of y — 0, given by the equation (48), we 
shall find the two equations 

-Z^(x~ix)-{x-a.)da = 'ydy, 
da 

which, putting ir — a as a common factor, and extract- 
ing the square root of the second, become 
, . d^+da' J 



(x-«):^?^= 
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and dividiDg the first of these equations by the second, 
we obtain 

<^= - Vrf)S' + rfa'. 
But we have seen, that, representing by « an arc (tf 
the evolute, we have 

compadng which equation with the preceding one, we 
dedu<» 

dy= ~ds, or d{y + s) = 0: (45) 

and since every function whose differential is must 
be constant, we have 7 + j = a constant quantity. And 
therefore if the radius of curvature increase, the arc « 
must diminish, and by the same quantity ; a relation 
which we express by saying that the radius qfcurva- 
ture varies hy the game differences as the arc of the 



Thus in fig. (15) f y, yj, &c. being successive radii of 
curvature to the points P P, Pj, &c. O O, O^, are the 1 
corresponding points in the evolute: and measuring 
from some point B the arcs SO, JBO,=::S, a„ &c. we | 
have, for all the values of y, 

7+* = r. +*. = r3+*)»^c. I 

.■.7,— y=«— *„&c (46) i 

or the difference of two radii of curvature is equal to 
the arc comprehended between them. 

It follows from this, that if on the evolute OB I 
(fig. 15) we wrap a string BOP, which, being of 
course a tangent to the evolute at the point O where 
it leaves it, has its extremity in the point P of the in- 
volute, when we unwrap this string, keeping it con- 
stantly stretched, its extremity P will trace out in its 
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course the involute ; for supposing that in the course 
of its motion it has reached the position 0,P„ it will 
be increased by 00„ and will consequently be equal 
in length to the radius of curvature passing through 
the point O^ whence the extremity P, of the string 
will be still in the involute. 

The equation of the evolute is determined in the 
following manner: 1". we deduce from the equation 

(rfthe curve, the values of y, -/, -^; S**. we substitute 

these values in the equations (39) and (40), when we 
shall get two new equations, which are functions of x 
alone ; 3". eliminating x between these equations, we 
arrive at an equation between a and ^ ; this equation 
will be that of the evolute. 



CONTACT AND INTERSECTION OF OSCU- 
LATING CURVES. 

An osculating curve may be situated in two different 
ways in respect of the curve with which it is in con- 
tact : 1". it may have its two branches, both of them 
above the curve, as SB, or both of them below, as CC, 
■ (fig. 14.) in which case the osculate will only touch the 
curve : 2^. the osculate may have one branch above 
and the other below the curve, as in fig. (13.) and in 
this case the osculate will cut the curve in the point P. 
We will proceed to shew in what cases respectively 
these conditions take place. 
For the same abscissa x->th 

let Kbe the ordinate of the curve, 
F*, be the ordinate of the osculate. 
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we hare then 

Now if the osculate be of the second order, the three 
first terms of these developements will be the same; 
whence the difference of the ordinates, corresponding 
to x + h, will be 

{C-C,)A'+.&c (47). 

Suppose now that the abscissa becomes «— A; we 
must then change h into— A in the difference of the 
ordinates, which will become 

_(C-QA*+,&c (48) 

aud since by taking h small this term may be greater 
than all the succeeding terms, it follows that the differ- 
ence of the ordinates will change its sign when the ab- 
sdssa, instead of being x +h, becomes z—h. 

Hence the osculate is on one side above the curve, 
and on the other below it, and consequently cuts it. 

This conclusion applies to all osculates of an even 
order. 

If the osculate be of an odd order it will touch the 
curve: for we shall then have + {D — D,)h* in each 
series. 

We have already seen that if we have (n + 1) equa- 
tions 

dx dx 
we shall have an osculation of the nth degree. 

In general also it appears that the osculatioD of a 
circle with any curve is of the second degree ; since 
the three constants of its equation give us three equa- 
tions such as those above. 
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But in particular ctises it may happen that we can 
obtain another such equation, and thus have the oscu- 
lation at particular points of the third degree. 

We have deduced the expression for the radius of 
curvature y in terms of the first and second differential 
coefficients of the ordinate of the curve : which are re- 
spectively equal to those belonging to the circle of cur- 
vature. 

Let the successive differential coefficients, to any 
number, in the curve be represented by 

p q rs &c. 
and those in the circle by 

h klm &c. 
Then, since we have 

ifwe take its successive differential coefiicients, we have 

&c. &c. 

since we necessarily introduce a new term r» a, ice. at 
each successive differentiation. 
In the circle, since y is constant, 

iPy 

&c. &c. 

If besides the original supposition p=£h q=k, 
ave also r=:/; then in the curve> 

^=*.(**/) = (49) 
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which is the condition craresponding to 7= a maxi- 
mum or minimum according as J^- is — or + . 
But if we have also s = m, but not t^n, 
then ^=^, (A^/m)=0 (50) 

or the difierential coefficient which vanishes being of 
an even order, 7 belongs to a point which is neither a 
maximum nor a minimum. 

Hence we also see conversely that if at any point in 
a curve the curvature be a maximum or a minimum, 
the osculation is of au odd order at that point. 

Thus in general the circle of curvature has a con- 
tact of the second degree: but at tbepar&'cu/ar points 
in a curve, where the curvature is a maximum or 
minimum, it has a contact of the third degree. 



APPLICATION OF THE DIFFERENTIAL CAL- 
CULUS TO POLAR CURVES. 



In the application of the differential calculus to spi- 
rals, or to curves referred to polar equations iu general, 
it is often desirable, instead of the equation which we 
obtain by the common formulae for transformation, 
from the polar to the coordinate equation, to obtain 
one between x and y which shall not contain the trans- 
cendental term, tan."*?, but which will invohe diffler- 

V 
entials ; and, for this purpose, representing by 
F{e,r)=0, 
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the equation which it is required to transform into a 
function of the rectangular coordinates x^ y, it appears 
by the form for transformation, that the value of r may 
be expressed in terms of x and y, without any trans- 
cendental, but that the same cannot be done in respect 
to (} ; on which account, therefore, we eliminate be- 
tween the equation F (fl, r) = 0, and its diflFerential, 
which we will represent by F (9, r, dS, dr) = ; this 
process will, in fact, introduce into the result the dif- 
ferentials t^ and dr ; but we shall see that these dif- 
ferentials may be expressed in functions of the vari- 
ables X, y^ dx and dy. 

For, first, the formulae for transformation give us 

COS. fl = -, sin. fl = ?, 
r T 

dividing the second of these equations by the first, we 

obtain 

sin. 6 y . . y 
—^ or tan. 9=:?; 

COS. 6 X X 

difierentiating, there results 

^ _xdy~-ydx^ 
COS.' fl at' ' 

and replacing by its value, derived from the first 

^ *cos.'« ^ 

of the equations, and suppressing the common factor x, 
we find 

r'd6 = xdy—ydx; 

whence, consequently, 

^^_xd y-ydx ^ 



and putting for r* its value, this equation becomes 
xdy-~ydA 



,^^xdy~ydc, ^gjj 



f8 
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The differential of the other variable is found still 
more easily, for 

which being differentiated, we have 

c?r=f^±^; (52) 

V'ar' + y' 

and. hj means of these values of d6, dr, and r, we shall 
change the equation obtained hy the elimination of 6 
into another involving only x, y, dy, and dx ; and which, 
consequently, will be the equation belonging to the 
rectangular coordinates. 

We have seen that the differential of an arc z, re- 
ferred to rectangular coordinates, has for its expres- 
sion, 

dz = i/dsc' + dy'. 

It may be proposed to find the differential of the 
same arc, when expressed by a polar equation ; and, 
in this case, we must substitute in this equation the 
values of dx and dy, derived irom the equations 
x = r. cos. B, y = r . sin. 6. 

Now, by differentiating these equations, we shall 
find 

dx=. —r sin. 6.dS + cos. Sdr, 
dy= r cos. fl dfl + sin. flrfr; 

whence, squaring these last equations, and reducing 
them by means of the formula 

sin.'fl + cos.*fi=l, 
we shall obtain 
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which is the differential of the arc in a function of the 
polar variables. 



ON SUBTAN6ENTS AND SUBNORMALS, TAN- 
GENTS AND NORMALS, TO POLAR CURVES. 

In curves referred to rectangular coordinates, the 
subtangent MT (fig. 2.) is the line intercepted between 
the foot M of the ordinate, and the point T in which a 
perpendicular, MT to that ordinate meets the tangent. 
Retaining the same definition for polar curves, in which 
the ordinate is no longer PM, but the radius vector 
OP, the subtangent will be then the line OT, drawn 
perpendicular to OP, (fig. 17-) and comprised between 
the point O and the point T, in which that perpendi- 
cular cuts the tangent. The subtangent therefore has, 
in polar curves, a position different to that it has in 
curves referred to rectangular coordinates, since in 
these the subtangent is always measured along the axis 
of the abscissae, whereas in polar curves, in which that 
axis no longer exists, the subtangent varies its position 
at every point of the curve. 

To find the value of the polar subtangent. Taking 
two successive values of the radius, r and r + k (fig. 
16.) corresponding respectively to the angles S and 6 + 
^, draw the secant joining their extremities : and from 
r + k cut off r; and let the line joining this point with 
P be A ; through the pole draw S parallel to h, and 
produce it to meet the secant. Then by similar tri- 
angles we have 

_£_=*■ 

r + k A' 
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also k=r . chord % 

a _ chord. % 

But k and chord ^ vanish at the same time : hence 
when i&=0 we have, 

* rffl 

Under this condition the secant becomes a tangent at 
P ; » becomes the polar subtangent ; and we have 

subtangent = ^ (54). 

or 



To find the subnormal : since the normal is drawn 
perpendicular to the tangent, we have from the right 
angled triangles {m being the subnormal) 



or substituting the value of «, 

r'dr 
m= — J-, 

dr 
or the subnormal = — (55). 

Also from the right angled triangles we have the values 
of n the normal and t the tangent, 

n = -/f' + IB". ^-•^r' + ^\ 
and substituting in these equations the values of r, m, 
and s, we find 
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nonnal=^/(r*+^^ (56) 

tangent = rV'n +'"' j~) (^7). 



ASYMPTOTES TO POLAR CURVES. 

From the expression for the subtaogent we obtain 

» _rd9 

r ^ ' 
but from the right angled triangle, writing tp for the 
angle which the tangent forms with the suhtangefU, 

s « _ 1 

r~ 8 tan. ^~tan. ^ 

dr tan. ^ ' 

or -J- =r tan. .... (58). 

From the value of which when r~ -XtVe may de- 
rive the asymptote, as in coordinate curves. 



To express the value of the perpendicular drawn 
&om the pole upon the tangent. 

We have obviously right angled and similar tri- 
angles formed by the radius, the normal, and the polar 
perpendicular, which last we may write =p ; whence 
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r^ t'd f 



Whence/)'- '^* 



fdtf+dr' 
r'd S 

r" 



'^^''-Q') (*"'• 



Some writers express polar curves by means of equa- 
tions between r and ja : and we shall find that in seve- 
ral cases this method is of great use. 



DIRECTION OP CURVATURE IN POLAR 
CURVES. 

If the equation to a spiral be expressed in terms of r 
and p, as in (59), it is evident when the spiral is coTt- 
cave (fig. 17.) towards its pole, as r increases or de- 
creases,^ increases or decreases, or the difference r, — f 
has the same sign as p, —p. If the spiral be convex, 
(fig. 18.) as r increases^ decreases, or r, — r has a dif- 
ferent sign from p, —p. Hence the ratio of these in- 
crements will in the first case be +, in the second — . 
But p being a function of r, we have the develope- 
ment ofy (r + k) by Taylor's series ; or, 

whence the ratio of the increments, 
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-i — S^+^O^ ' 
and since when k is small, the sign of the whole, that is, 
of the ratio of the increments, is the same as that of 

^, according to what was just observed, 
if we have + ^ the spiral is concave, 



dr 



. (60). 



If the spiral change from concave to convex, 



e^ 



' dr 

must change its sign, or at the point of inflexion 

-^ = or= oc. Hence the values of r, which gives 

either of these conditions, will shew the point of in- 
flexion. 



ON THE DETERMINATION OF THE EX- 
PRESSION FOR THE RADIUS OF CUR- 
VATURE IN POLAR CURVES. 

The expression for the radius of curvature, referred 
to rectangular coordinates, assuming the positive sign 
for y, is 



7 = - 



0-g)^ 



3S= 



That this value of y may be expressed in terms of the 
polar variables, we must eliminate the diflerential co- 
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efficients which enter into the fonnula by means of the 
following equations, 

x=r COS. S,y=r sin. 6; 

which, being differentiated, and the results divided the 
one hy the other, we ^all obtain 

d^ _dr &m. 6 + r cos. Sd6_ 

dx~dr COS. S— rsin. SdO' 
and, representing the two terms of this fraction by m 
and n, we shall have 





m = 


dr sin. 


6 + r COS. 


em. 




» = 


: dr cos. 


fl-r sin. 


Ids. 


and 


consequently 


1 


m 

"n' 





by means of which last equation we find for the nume- 
rator of the value of y, 

and raising eadi term of this fraction to the power ^ 

3 

and observing that the power - of »' is »*, we hare 

v-^^) — ^ — 

Differentiating now the equation J^=— we shall find 

^^ _n^n—mdn 
dx~ n' 
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and dividing the first aide of this equation by dx, and 
the second hy n, which is equivaleot to dx, we shall 
hare 

d'y ndm—mdn 

By means of these values given by the two last equa- 
tions, the expression for the radius of curvature be- 
comes, 

{m' + ny 
ndm — mdn 
and we have now only to transform this equation into 
a function of and r; for which purpose we must de- 
termine first the value of n* +»;', by adding the squares 
of the value of m and n, and reducing by means of the 
equation 8in.*0 + cos.*S=l ; when we shall find 

»' + »»'=(^ + r' d^. 
To obtain the denominator of the equation for 7, we 
must differentiate successively the equations for m and 
n, considering d9 as constant ; and multiplying the re- 
sults by n and m respectively, we shall find 

ndm=.nd'r sin. iJ + 3nrfr cos. 6d6~nr sin. ft/f, 
mdn = md'r cos. 6 — %mdr an.SdS — mr cos. 6d^, 
whence, subtracting the second equation from the first, 
we have 

ndm—mdn=d'r (« sin. 6—m cos.'fl) 
+ SdrdS (n cos. 6+m sin. 6) 
— rdH' (« sin. fl — «i COS. fl) 
Now, multiplying the first of the equations for m 
and n, by cos. S, and the second by sin. 0, subtracting 
the one from the other, and reducing by means of the 
relation sin.'S + cos.'fi=l, we shall obtain 
n sin. i—m cos. 6= —rd9; 
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and the value of n cos. 6 + m cos. ^ being determined in 
a fdmilar manner, we shall find 

n COS. 6 + m COS. 8 = dr. 
Substituting, these values in the equation above, it be- 
comes 

ndm — mdn = — rtPrdS + Qdr'dS + r'dS^, 
and the values thus determined, change the equation 
for y into 

(rfr- + r'de^f 



2dr'd$-rd'rd6 + r 



(61) 
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INTEGRAL CALCULUS. 
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General principles. 



X HE Integral Calculus is the inverse of the Differen- 
tial. The object of it is, when a differential, or ex- 
pression involving a differential is given, to find the 
quantity whose differential it is ; this original quan- 
tity, considered as deduced from the differential, is called 
the integral of that differential. The process for find- 
ing it is called integration ; and is usually represented 
by this notation : — 

Suppose we have given 

then we write, 

y=Jtly=J^x. 

the symbol / signifying the operation of obtaining the 

integral of the expression to which it is prefixed. 

Expressions to be integrated may be classed under 
two general divisions. 

I. Expressions which contain the differential of the 
variable involved in such a form a^s arises from any 
of the processes of differentiation : and which are 
therefore directly integrated by the inverse process. 

Under this head may be included certain other ex- 
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pressioos, which are easily reducible to this form ; and 
these principallj of two classes. 

1st. Expressions reducible to the form of the loga- 
rithmic diflfierential. 

2d. Expressions reducible to the form of some of the 
differentials of trigonometrical functions. 

All these expressions consisting of one term, we can 
refer to the same class expressions consisting of a series 
of terms, each of which separately belongs to this class ; 
and consequently being separately integrated, the sum 
of the integrals gives the entire integral. 

II. The second great division comprises expressions 
containing a differential involved with some Junction of 
ike variable, which does not arise from the process of 
differentiation ; «aA this class is subdivided according 
to the nature of such function. 

The general expression will be 



> 



dx. 



•where Jie is either, 

I. Algebraic. 

f Rational i „ 

J ( fractional. 

K Irrational. 

II. Trigonometrical. 

III. Exponential. 

Of Algebraic functions, those which are rational, in 
all cases admit of integration. For those which are ir- 
rational there are no general principles of integration : 
Many forms have never yet been integrated, and in the 
others much difficulty occurs. Certain classifications 
of them have however been effected, which enable us 
to integrate a considerable number of them. 
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SIMPLE ALGEBRAIC DIFFERENTIALS. 



The mode of obtaining the integrals of simple dif- 
ferential expressions, follows obviously from the prin- 
ciples of differentiation. 

1st. Since d (x±a) = dx, 
we have 

rdx=x±a, 

which is usually written in a more general form 

= x^C (1); 

C representing a constant quantity, the value of which 
cannot be deduced from the given differential ; but in 
particular instances may be determined from the con- 
ditions of the case. 

This remark applies to all subsequent cases : where 
the addition of the constant, if not expressed, must }^ 
always understood. 

2dly. Since dax ^ adx, 

/*dax=ardx=ax (3). 

Sdly. Since d {u.v .. .%) 

= du . v% . . . .+dv . ux +dz.uv .... 

■ '■/\du. vz + dv . «», &c.) = M .V .ss.&c. (3). 
G 2 



■dDyGooglc 



••/(^ 



(4). 



1 INTEGRAL CALCULUS. 

4thly, In like manner, since 

_^ _l/dz~zdy 

Si — ^— 

'' {yd%—%dy\ _% 

y" ' y 

Sthly. Since rf (a + » + ss, &c.) 

= du±dv + dZf &c. 

.'-/\du±dv±dz,&i,c.)~u±v±z, &CC (5). 

6thly. Since dx" =mx''~^ dx, we have 
imx'*~' dx=imjx''~'dx 

and .'. /af"~idx = — ; 

^ m 

or, since the differential is the quantity which is first 
proposed to us, 

lx''dx= /fi\ 

^ m + 1 ^^>' 

This is usually enunciated in the following rule : to in- 
tegrate x'^dx increase the index by unity, and divide 
by the index so increased, and by the differential. 

" These are the most elementary cases, in which the 
integrals are immediately found ; and several of the 
same rules may be extended to more complex cases. 
These we will now proceed to examine. 

We may first remark, with respect to the constant, 
which is always to be added, that if the conditions of 
the case are such that the value of the integral cor- 
responding to any particular value of the variable is 
known, then the value of the constant may be found. 
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Let the integral hejh! + C, and suppose it known bj 
the conditions of the qoestion, that when x=:tt ■ 
fx = A ..A^fa + C. 
Whence A —fa = C 
■ '. the ralue of the integral is 
/x-fa + A. 
This is frequently simplified by knowing, that for the 
value a; = a, the integral = 0. 

And still further, if this ralue of ^ be = also ; in which 
case C=0. 

The consideration of the constant is then in all 
cases necessary for obtaining the complete value of the 
integral. If the integral be in the form Jx + C, in 
which C is undetermined, it is called the generator in-' 
definite integral: when in the form^— ^ + ^, it is 
called the particular or definite integral. 

If we suppose that the integral vanishes when x = a, 
the expression in this case becomes 

0=/a+C, 
whence C= —fa. 
And we have in general the integral =fx —Ja. 

The integral is in this case supposed to commence 
from the value when x = a, and at any indefinite 
value of the variable x has the value assigned ; viz. 

If now we ^ve to iF a second determinate value A, 
then this particular integral will become 

or we have the value of the portion of whole integral 
comprised between the values a and b of the variable : 
in this case we are said to integrate between the limits 
a andh. 
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There are one or two more complex cases which are 
readily reduced to the preceding rules. 

1. Every polynomial, auch as 

(a+bx + cx' + . . .)" dx, 
where ra is a positive integer, is integrated by merely 
expanding the polynomial, and then integrating each 
term separately. 

3. Every expression, such as 

(fxy.dfj! 
composed of two factors, of which one is the differen- 
tial of the first power of the other, is integrated by 
writing 

Jit!— ft and\- dfx =(h. 
Whence by substitution 

{Jie)" dfx=%''dii, 
and the integral is 

'^ + C=<^+C <7). 

»+l «+l 

3. The same principle will apply also if one factor 
differ irom the differential of the other only as to the 
constants ; as in the form 

(a + 6a^) " wa; "~ ' die ; 
here we have 

d(a + haf)=nix"-'dx: 
let a+ix"=)( .'■d» = nbx'~'da;, 

and — . =x''~'dx. 

no 

Hence, by substitution, the original expression becomes 
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nit nh 
the integral of which is 

"1 ..'*. + C (8). 

nh p + 1 

Which, substituting the value of », gives the integral 
of the original expression. 



INTEGRATION BY PARTS. 

The elementary case of integrating the differential 
expression, which results from the rule for differentiat- 
ing a product of two variables, g^ves rise to the method 
called integration by parts, which is of extensive use. 
If we have " 

d.uv=. udv + iidu, 
integrating and transposing we have 

J udv = uv — fvdu (9). 

This formula enables us to find the integral of udv 
from that of vdu, which in manj cases we can obtain ; 
and from which therefore we have the whole int^i^. 
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INTEGRATION OF THE LOGABITHMIC DIFFE- 
RENTIAL, AND OF EXPRESSIONS RE. 
DUCIBLE TO THIS FORM. 



The rule for integrating x''dx. 
When m= — I gives 

'-' 

but this form could not arise from differentiating ~, 

which admits of no differential. We may however 

dx 
find the value by observing that — is the differential 
X 

of log. X, or we have, 

y^=i<>g-^+c- (10). 

It may here be proper to observe, that when the in- 
tegral is a l(^arithm, the constant C may be introduced 
as a factor of the quantity whose logarithm we are con- 
sidering. 

For since the constant quantity must be equal to the 
lo|)irithm of some quantity, we may write 

C=log. a; 
hence we have the integral, 

= li>g. iX+log. a 
= log. (ax). 
To this form (10), certain other expressions are re- 
ducible, and which are therefore integrated by finding 
the logarithms. 
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1st. We have obvioiisly 

x + a J x-\-a 

=log. (^.+ «) + C. (11). 

2dly. In the same manner, 

*^ a" + ar" -^ a' + x" 

=log. (a-+;r-) + C (12). 

Sdlj. The following differentials are also reducible to 
the same form; 

5 — Let a+hx = x 

a+bx 

.■.th=bdx .'.dx = -^ 
a 

adz _ adz 

i (a4- bx) hz 

^ ti.A-hx "J h m. h ^ 



a+bx ^ b ' 



=~log. (a+bx)+C ....(13). 
In the same manner, 

In these cases the mode of proceeding is sufficiently 
obvious ; in the following instances it is less so. They 
are usually called the logarithmic forms. 
I. Let the given differential be 
dx 
'/x' + a* 
Let ic* + a* = r% 
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.'.taking the differentials xdx=.vdv 

, dx _ dv -^-dx = d {v -\- x) 
' ' V ~ v + x 

.:r-^^ = log.{x + v) + C 
•^vV + a" 

=log.(Vi*±a'+j?) + C (15). 

II, Let the given differential be 
dx 

.\vdv=:(x±a)dx 
dx dx + dv = d (v + x± a) 



dx 



■ . C —. z= = log. (x + a + ■Ja^ + ^ax) .... (16). 

'J 'Js^± ^ax 



III. Let the given differential be 
Q adx . 

.. _ dx _ ~dx 

~a+x a—x 



. ■ . /^-l = log. (a + *) - log. (a - ar) 
•^ a'—x' 



"Zadx 

- »"g- V 

a+x 

' a—x 

Qadx 



we have, by a precisely similar process, 
\adx 



V. Let there be given - 



(17). 



/^^=iog.^:^ (18). 

Jx*—a' ^ x + a 

adx 
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and take a' — ai' = y' 

axdx —ydy _ o.dy' 

■ '^S^Zp" '{a'-y')y~ a'-y'' 
the integral of which by form III. is 

-iiog.it!!=ii„g.?ry 

a—y o+y 



=iiog.^!y=iog.: 



a — ^a' — x' 



, (19). 



x.^a'^x' 

by a precisely similar process from form IV., we have 
the integral 

= log. ^5i±^ (30). 



THE INTEGRATION OF TRIGONOMETRICAL 

DIFFERENTIALS, AND OF EXPRESSIONS 

REDUCIBLE TO THIS FORM. 



If X represent any circular arc, and we have 
a: = 8in. %, 
then differentiating by (form 9), we obtain 

dx = COS. zd», 
whence we obtain 
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m= ; 

cos.se 

but the equation cos.' K+sin. '8 = 1, gives us 

COS. a! = 'v'l— sin.'K = 'v'l— x'; 
substituting this value, therefore, in that of dz, we 
■4)btain 

J dx 

^^l -X' 

and coDsequentlj we find, hj integrating, 

To determine the constant ; since the arc « is at 
the same time with the sine x, the equation will, on 
this hypothesis, be reduced to = C, and consequently 

/•— = 8in.-j; (21). 

On the above integral may be made to depend 
that of 

dx 
•/a* — x' 
for by dividing the two terms of the fraction by a, we 
shall have 

dx 






and since this integral is composed of -, in the same 
manner that A^=, is of ic, it foHows that 
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dx . _,a? 



(23), 



which is the form for the same arc to radius a. 

Having thus the means of integrating the differen- 
tial of a circular function, we may apply the same 
method whenever we have an expression involving 
any variable in the form 
dx 

7%e integration being effected hy finding the value 
of the arc whose sine to radius a = x. 

The same principle applies in all the subsequent 
cases of the trigonometrical functions : and expressions 
thus integrated are said to be integrated by circular 
arcs. 

2dly. If we have a; = cos. as, by differentiating we 
obtain 

dx= —sin. %.dz. 

Whence, dsi= — ; ; 

sin. z 

and putting for sin. z its value from the equation 

cos.°ir + sin.'a: = 1, 

we shall obtain 

dx 



da!= - 



VI- 

or, since cos. z = x, 

j„ dx 



^/1-x' 
whence, integrating, we shall have 

-dx _, . 

, ■ =cos. ' x+l 



J -JA 
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To determine the constant, when x = 0, f =^= 

J v'l-jr* 

is also ; in this case, then, the equation is reduced to 

O = cos.— + C; 

but in order that the cosine of the arc may be 0, that 

arc must become = -, 

which gives U3 

and substituting this value, we obtain 

/— =±_= -(i:r-c<«.-«) .... (23). 

Sdly, If a; = tan. ss, we find, by differentiating, 

. d% 
dx = ; 

cos.' ss 

and consequently 

dz = dx . COS.* %. 
But since by Trigonometry, 

1 

COS. as = , 

sec. % 

we shall have 

1 1 1 

cos.' * = 



sec' % 1 + tang.' ss 1 + a;' 
whence, substituting this value, we shall find 
dx = dx ; 

and, integrating, we shall have 
^ 1 +x' 
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And since when a; = 0, ss becomes 0, and we have 

= C; 
and therefore 

/^=tan.-x (24), 

We may bring under this form the integral 
P dx 
J a" + ic* ' 
for, dividing the two terms of the fraction by a', we 
may write it thus, 

dx dx 

/a' _ 1 /* o 
, l?~aJ\ ^' 
a* a' 

and since this integral is composed of -, as - (^ , is 

of X, we shall have 

/!*'_= -Itan.-? (25) 

Ja' + x* a a 

which is the same form to radius a. 

4ithly. Let also x be the versine of k : then the cosine 
and versine being together equal to unity, we shall 
have 

a; + C08. 18 = 1 ; 
and, by differentiating, 

dx=:dx. sin. z; 
whence we deduce 

j^_ dx _ 



but 



sin. s! = ^/l— COS.' « = -/(!— cos. z) (1 +cos. %) 

= Jx{Q~x)\ 
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substituting, therefore, we have 



and, by integrating, 

y " = yer8io.~'J: (26) 

We add no constant, because when ;c is 0, k is also 0. 
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FUNCTIONS OF THE VARIABLE. 



INTEGRATION OF FORMS NOT ARISING FROM 
THE PROCESS OF DIFFERENTUTION. 



We DOW proceed to the second gteat dWisioii of the 
Integral Calculus before pointed out : which is in fact 
by for the most extensive and important ; but at the 
same time, in masj parts involring investigations of a 
nature whieh will not fall within the plan of a work so 
compkteiy elementary as the {H-esent. All that we 
shall attempt, will be to explain the fundamental prin- 
ciples of these processes ; referring the reader, who is 
desirous of prosecuting the subject further, to the more 
extensive treatises already quoted. 

The cases we have now to consider, are, as before 
stated, those of differentials affected by coefficients, 
which are some functions of the same variable, not 
arising from the process of differentiation. 

The pecniidr means dT integtadng sut^ eXpressioas 
will depend i»pon tfce different forma of the. functions, 
and the m«aD» we hare of reducing thetm to simple 
terms, which can be integrated by the methods already 
pointed out. 
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DIFFERENTIALS INVOLVED WITH ALGEBRAIC 
FUNCTIONS OF THE VARIABLE. 



Of these we shall have two principal aubdivisiODs ; 
those which are rational, or involve the whole powns 
of the variable ; and those which are irrational, or, in 
which the indices are fractional; and in each subdivi- 
sion we shall hare to distinguish the case where the co- 
efficient is in the form of an integer, or of a fraction. 



RATIONAL INTEGER COEFFICIENTS. 

This case may be represented by the general form 

. (Ax' + Bie' + Cx' + ,..)d3e (27) 

And any function which can be reduced to such a form 
with a finite number of terms is readily integrated, by 
integrating each term separately, and taking the sum. 



RATIONAL FRACTIONAL COEFFICIENTS. 



In the case in which the coefficient of the differen- 
tial is a rational function of the variable in the form of 
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a fraction, that is, containing the rariable both in the 
numerator and denominator, we must have recourse 
to further considerations. 

Since we shall, in what follows, have occasion to 
apply some propositions derived from the theory of 
equations, it may be convenient briefly to premise 
them. ' 

It is easily shewn by the theory of equations ; 1. that 
an equation which has only real and unequal roots is 
made up of factors of the form, (x — a). 

2. That if any number m of these roots be equal, the 
equation will have one factor of the form {x — a)"*. 

S. If it have a pair of imaginary roots, it must con- 
tain a factor of the form (x + a)' + ^. 

4. If it have m, such pairs it must contain a factor 
of the form 



({x+«)'+/3')" 



In order to investigate the means of integrating dif- 
ferential expressions involving a fractional coefficient 
containing whole powers of the variable, we will take, 
as the most general representation of such an expres- 
sion, the form, 

Px' + Q ar-' +Bx-^S , 

P^ + Q^af^' +R^ + S, ' 

in which the multipUer of rf!* is a rational fraction. 
We will first shew that in the given expression, we 
may always assume n greater than m ; for if this 
should not be the case the integration may be reduced 
to that of a differential of the same form, in which the 
highest power of a in the denominator is greater titan 
H 3 
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the highest power (rf jj in the numerator, by simply di- 
viding the numerator by the denominator when ar- 
ranged in descending powers of x, as in the following 
example : 

Let the expression be 

Q^ x' + B, ue + S, ' 
dividing first by Q„ we shall have 

or, writing these fractional coefficients as single terms, 
p af+g x' + r x + g 
x" +r,x + s. 
But, performing the division, we should hence have a 
result in the form 

kx + l 



px + tn-i , 

ar" + TjX + *, 

and we should hkve to find the integral of this expres- 
sion multiplied by dx, or, 

/[px + m)dx+ ( ~ ]dx 

J ^^ \af + r,x + */ 

which will be 



px' 



-/ \x' + r,x + s,/ 



BO that the integration is reduced to that of this last 
term, which is of the original form, having n>m. 
Thus we may take as the most general form 

Px~- + Qx~- + B^ + S ^r . . . (28). 

«■ + «,*— + B^ + S, ^ ' 
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The denominator win, bj the tfaeor7 of equations, be the 
product ofm, factors (x—a) (a—b), &c. 



Case I. Let the roots be real and unequal. Sup- 
posing we have solved the equation 

and having found that it is the product of the factors, 
x—a, x~-bf x—c, &c. assume 
JV- + Q^.. + .gx + ^ _ A ^ B ^ C ^^ 
or + Q^iT-' . . + S^x + S, x—a x—b x~c 

Reducing then the second side of this equation to a 
common denominator, the numerator of each of these 
fractions will be multiplied by the product of the deno- 
minators of all the others, i.e. by a polynomial in terms 
of X of the order {m — 1) ; and the second side of the 
equation will consequently be a polynomial consisting 
of m terms. It follows, therefore, that if we equate 
the coefficients of the same powers of x on the two 
sides of the equation, we shall have m equations of con- 
dition for determining the m coefficients, A, B, C, &c. ; 
and these coefficients being known, we shall then only 
have to integrate a series of terms such 05 

Adx Bdx, 

, =&c. ; 

x—a x—b 

and the integral will therefore be 

A log. (x -a) +B log. {x-b) + kc + C ...(39). 
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Case II. Let the roott he real and equal. In this 
case, therefore, the fonn will be 



(«— o)- 



(30). 



If we took this in the same form as in the List case, 
we should have 

A B 

x—a x—a 



where the numerater being in &ct one constant, we 
should not have the (fl>) equations for detennining -the 
constants. 

To avoid this we maj proceed as follows : 
Let us write the expression in this form, 
A+Bx + Cx' + +Pg*-' 

This ma7 be put under a form which will enable us to 

iategrate. Let x~a=% .'.x = a+%, substituting this 
value, the expression becomes, 



A+Ba + BK-\-Ca' + Q Caw + CV + . 



5 + 2Ca + . . 



or, writing for the constant numerators, a, j3, &c. 



{x—a)" {x—a)" 
Thus, from the constants in the given equation we 
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have the vabies of a, 0, &ec and we have only to inte- 
grate a series of terms, 

(x — a)" (a7 — a)"~' 
which are all expressed by the general case 

/■-f_^=/;<&(x-<.)- 

and since (replacing k) (ir = (/ (a: - a) = rf«, this is inte- 
grated by the form (7.) : which is« 



Jf^.dfa 



» + l 



In this case then we have, by substituting in this 
form, 



ja.^r*d%= 



= + C . . .{31). 

Thus, if all the roots be equal, we have to integrate a 
series of terms all of this form. If only some are equal, 
the remaining unequal values may be integrated as in 
the former case ; and the sum of the integrals taken. 



Case III. Let the ea^ession contain imaginary 
roots. 

Ist. To begin with the simplest case, since imagi- 
nary roots enter equations by pairs, let us suppose the 
denominator of the fractional coefficient to contain one 
pair <if imaginary roots. In this case, according to 
h4 
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what wai at first observed aa arisiog ftom the tfaecHy 
of equations, we must have the expression of thu 
form 

^^~'+ ,dx (32). 



The last factor is the product of the two imaginary- 
roots: let it be written = (x— A) («— it). Then, as in 
the first case, we have to write this fraction equal to 
the series of terms 

-iL + _B. + ....H.^ + ^. 
x—a x—b x—h x~h 

But the last two terms, reduced to ^ common denomi^ 
nator, become 

Kx-Kh+Lx-Lh , 

{x-k){x-k) 

which, collecting the terms, may be written 

_ Mx-¥N 
(*+a)'-f;3'" 

Thus we shall have the series of terms, 



x—a x-~h"" x — h {x+a)' + l3 

and having determined the constants A, B, . . . . H, 
M, iV, by the process already employed, all these 
terms, except the last, wilt be integrated by logarithms ; 
in respect to the last, it will be integrated in the man- 
ner following : 
making ^ + « = «, it becomes 
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and represeotiag the constant part N—Ma by P, it is 
reduced to 

an expression which resolves itself into 
Pffe 

To integrate the first, we must observe that fidn being 
the difiereotial of «'+)?, with the exception of a con- 
stant factor, we may suppose z'+^'=y, which will give 
us, by differentiating, 

a 

and substituting these values, we shall obtain ~^, 
whence the integral will be 

^ log. y^^Iog. (a'+^) =:Mlog. C(x+«)'+^'] 

= — log. (*' + 2*r4-«' + j8') 

= Jlf log. (^ + 2ffla;+«'+/3')+. 

Pdz 
In regard to the expression - ■ , by dividing the two 

terms by /3S it may be brought under the form 
ds 

p 1 . 

^ ■«■ , , 



and we see that its integral is 

— tan. '- = — 

fi ff ff 



— tan. '- = +on-'_!_ 
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lastly, therefore) 






3(U:+a'+^' 



-dx = M\og. ^/af + Sax + a^+^ 



X+a 



. (83). 

Sdly. Let us take the case where the denominator 
involves several pairs of imaginary factors. 

When the iraction has in its denomioator equal 
imaginary factors, it will contain one or more factors of 
the second degree, of the form (ic* + 2ax + a* + ^)'. ac- 
cordingly as it contains one or more groups of equal 
imaginary factors. The factor 

{le' + ZaX + i^+^y 

will correspond to the series of terms 



(x' + 2aX +a'+^y {X' + ^aX + a* + ^S')'^ 
{a^ + Qax + a'+^y*-* '" x' + 2ax + a' + ^ 



K34), 



and having proceeded in the same manner for the other 
groups of equal factors, we must determine the con- 
stants 

H, K, H„ K,, H„ K„... H^ K^ &c. 

as before. 

Multiplying then by dx, we shall have only to in- 
tegrate each term ' separately, which may always be 
done if we know how to integrate the first term of the 
series multiplied by dx, since all the others are of the 
same form. For this purpose we shall put the term 
under the form 
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H+Kx ^^, 
[(x+«)- + ^]' ' 
making x +«=>:, it will become 

(i!-+;3y 
and representing the constant part H—Ktt by M, we 
shall have to integrate 

a fraction which may be resolved into the two 

To integrate the first, since nxk is the differential of 

ss'+/3', except as to a constant factor, we will suppose 
x' + jS* = y, whence we have %ebi = ^^, and substituting, 
we shall obtain 

=l^.g:!!:=lii: t^+'''>'^ - {^ ...(35) 

It remains now to integrate — — —-.or JJ (js' + ^y^dx, 

to arrive at which integral, we shall deduce it from 
that ofJ{%* + P'Ydz, in the following manner : 
We have obviously 

(x' + ^Yd% = {%' + p')r'{^ + ^)^: 
or, performing the multiplication, 
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and integrating, we shall hare 

/JS" +«')'(& = /3" y^ss- + /3=) "— (fe + /*(^ + «y-' «'(& (36). 

Of the two integrals, on the second side of this equa- 
tion, we shall leave the first under the integral sign ; to 
the second we shall apply the method of parts. For 
.this purpose, multiplying and dividing the expression 
(^+«')*'"'ss'rfa! by 2, we shall put it under the form, 

then (yS* +»*)'-' Sxdx will be the differential of 

P 
so that this expression will become 

a •' ^ ' 

and comparing it with the formula 

/udv = WD — /vdUf 

2 p 

whence we shall find 

*/ S 2 p •^ p Z 

Substituting this value in place of the last term of the 
equation, and putting the constants without the inte- 
gral sign, the equation will become 
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transposing the last term on the second aide, and re- 
ducing, we shall find 

which, dividing by ", becomes, 



fil^-* 




1 + 



Now recurring to the original form which we had 
to integrate, viz. 

M (%* + ^)-'. dx, 
we shall be able to assign its value by the above ex- 
pression if we change p into —p : by which it becomes 

Here the quantity to be integrated in the last term is 
of the samejhrm as the whole or quantity to be inte- 
grated on the first side, but having its index less by 
unity. 

Hence for the integral of this last term we should 
have to substitute an expression of the same form as 
the whole, with the substitution of— (^— 1) for— ^. 

And here again the integral of the last term would 
be found in a similar way, the index becoming— (^—2); 
thus the process would be continued till we had the 
last term with an index = —1. Thus the final expres- 
sion to be integrated would be 
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(^ + »-)-rf,=^, (38). 

This is one of the forms which are integrated by 
circular arcs, and we hare its integral 



From the preceding investigation we maj remark, 
in general, that in each of the cases respectively, the 
process turns upon integrating expressions reducible to 
one OF more of the following forms ; 



Case I. 



Adx 
x—a 

Adx 

x' + a' 

{Mx+N)dx 
(x' + ay 



And these integrations are all ultimately referred to 
.one of the simple forms for powers, logarithms, or tan- 
gents. 

Thus in all cases where the coefficient of a differen- 
tial is a rational function of the rariahle, we can inte- 
grate the expression, supposing we can discover the 
factors from the multiplication of which will result the 
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expression, which forms the denotninator of, the co- 
efficient. 

We have here investigated the modes of proceeding 
in their most general form: for fiirther details the 
reader mast refer to larger works. 
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INTEGRATION OF DIFFERENTIALS INVOLVED 
WITH THE VARIABLE IN IRRATIO- 
NAL FUNCTIONS. 



Under this head there are often considerable diffi- 
culties in effecting the integration, and there are many 
cases which the skill of analysts has never yet suc- 
ceeded in reducing to an integrable form. Nor have 
any general principles been discovered, though the 
principal cases which have been integrated have been 
classed under certain general forms, which we shall 
proceed briefly to explain. 

We may however first observe, in general, that the 
principle of proceeding consists in this. The expres- 
sion, which is an irrational function of x, may be a ra- 
tional function of some function of x. Tlius, suppose 

an irrational function, as (Jx)t, enter into the expres- 
sion, then if we can find (Jx) i = (<A^)" reducing the 
whole expression to terms of this second or rational 
function, we may integrate in terms of it, and then 
substitute its original value. 



The principal forms of irrational functions which 
have been integrated, may be reduced to the following 

classes. 
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I. Those simple forms wbich we have already inves- 
tigated by means of circular arcs. 

II. Differential expressions in the form of a rational 
Junction of an assemblage of Junctions ofx, some or all 

of which are themselves irrational, or denoting a ra- 
tional function by the symbol F; this class may be re- 
presented by the form 

F^af, xV x'' ■•■) dx (39). 

This expression is easily rationalized in the follow- 
ing manner : 

Taking the fractional indices and reducing them to 
a common denominator, we ha^e 

t % 
»q sq 

which we will write respectively equal to 



And let x=y'^ .■.y=xm 

.■.y'' = x^ i/'° = x^ 

Hence also the rational function 

Then, by substituting these values, tfee wlirfe expres- 
sion becomes 

■P (tr> y% y") i^lfdy (to), 

which is integrated as a rational function of y : and 
then the original value of y in terms of x substituted 
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III. Expressions of the form, 
F [x, {A +5^)», {A +Sxf. .^dx... (41). 

Here let ^ + 5a: = y; 

whence x= ^ - 

a 

.■.^^%. 

Hence the expression becomes 

^.F{y^,f,,y-...).dy....(M), 

which reduces it to form II. 
IV. Expressions of the form 

^(^'(^")'---)'^ •■■■(«)• - 

Here, as in the last case, writing 

we obtain 

Bx-^=a.y-A, 

faA.-.x=^'^^-—-, 
B-^y 

by substituting which we may reduce this like the last 

case to form II. 

V. Expressions of the form 

I<'{x,VA+JBx + Ci')dx (44). 

Of which there may be two cases : the term Gf may 

he positive or negative; if it be positive, We shall 

write the expression thus. 
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but if that term be negative, we shall consider it as the 
product of+C hy—x', and then the radical may be 
put under the fonn, 

or putting, for greater simplicity, 

C~'^' C~ ' 
we shall hare to integrate the two expressions 



F(x, ■<^a + bix: + X') dx,F(x, -^a+hx -x') dx. 
1st. We will take the expression 



F{x,-^a-\-hx-\-3i')dx (45). 

Here, in order to obtain, by a transformation, the 
values of x, dx, and '/a + bx+ x', in a rational function 
of a new variable ss, we will suppose 



•/a + bx + x' = z+x. 
Raising this equation to the square, and suppressing 
the terms x' on each side, it becomes 

whence we deduce 



and by means of this value we obtain 

'^a+bx + x'' — 1 — -^ + * 



or, reducing to the same denominator. 
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(x'—bz+a) 



-Ja + hx->t x'= - ■ ■■■ ^ ■_3^ 

It rem^uis now to determine dx in ternw of z, for 
which purpose differentiating the equation 

we have 

hda! = i!>;dz+9,zdx + 3,zdz, 

whence we deduce 

(6 - Sz) (fo = 2 (a; + is) dz, 
and substituting th& value before obtained, 
x'—bx + a 
A— Sk 
we have, 

*■ ' b~-2z 

and therefore 

{b-2zy 

Thus having obtained the values of 
*, dx, and '/a + bx + x', 
by substitution the original expression becomes, 
«,(/«'-a\, ( ~{z'-b%+ay \\ 

(rl^Jzh+A)dz (46) 

which, being a rational fiinction of z, may be integrated 
by former methods. 

2dly. Let us take the case 

F{x, -^^Tbx^^)dx (47)- 
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Here the same mode of proceediog as in the former 
case will not apply ; for if we should suppose 
Va + Aar — a^ = j; + a, on squaring the two sides of this 
equation, the terms x* would not destroy each other, 
but we should have a term Qjt', and the value of x in 
terms of & would result irrational. To treat this case, 
we must observe, that by the theory of equations the 
polynomial a + bx—x' may always be, resolved into 
real factors of the first degree ; 

Let a and /3 be the roots of the equation 

we shall have then, from the property of equations, 

x' —bx — a = {x — a){x~ j9), 
and, consequently, by changing the signs, 

a + hx—se'= —{x — a){x — 0) = {x~a){^~x); 
substituting this value in the radical, we will suppose 



'/{x—a) (j8— a:) = (jF— a)s; 
which bdng squared, gives us 

(ar-a)(0-x) = (jr-a)V, 
and suppressing the common factor, we have 

yS— x=(ir— «)2% 
whence we deduce 

s' + l' 

therefore, 

X~ —i-tS^ —a 
*" a' + l "' 

and reducing to the same denominator, 
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which value being substituted on the second side of 
the equation above, we obtain 

z +1 

In regard to dx, we have only to differentiate the 
equation to obtain its value in terms of z, and we shall 
have 

(«■ + !>■ 
Hence, making these several substitutions, the original 
form becomes 

which may be integrated as a rational function of z. 
VI. Expressions of the form 

F(iif", (A + Barp {A + Bafp . . . )iif^'dx . . . (49). 

Such an expression is rationalized by reducing the 

fractional indices to a common denominator, which we 

will call k, 

and let ■t=^, 
g k 

and A + Bar = z* ; 

.■.{A+Bx')^ = z^^ = z* 

B 

and differentiating, we have 

af-'dx = =-— ; 

nB 



■dpyGooglc 



IRRATIONAL FUNCTIONS. 119 

whence the expression becomes 

^((^^)v......)e-^)....(»o) 

which is a rational function of z. 

VII. Expressions of the form 

^("™'(4^")-'----)'^'*' (") 

in which case the process is exactly the same as in 
the last. 

VIII. Expressions of the form 

3r.Fiaf,{A+JSar + Cai"y\dx (53), 

writing af==x, 

we have x=-z* afssz^* 
and differentiating 

dx=- Z'~'dz 
n 

and x"(ir=- z'^ dz\ 
n 

whence, by substitution, the expression becomes 

- z-^ {f (z, -^"ArBx^z^ dz (53), 

which is the form V. and can therefore be integrated 
for z. 

IX. The last form to be enumerated is 

x'^'{A-^Bar)t dx (64): 

expressions of this form are called binomial d^eren- 
tiaU, and it is only in some cases that they can be 
rationalized. 

But for an account of the investigation of them the 
i4 
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reader must be referred to I>r. Latdner's IMffevential 
Calculus, p. 301, (from which the above enumeration 
of the forma of iirational functions is taken,) or to 
Boucharlat, p. S24. 



INTEGRATION OF DIFFERENTIALS WHOSE CO- 
EFFICIENTS INVOLVE TRANSCENDENTAL 
FUNCTIONS OF THE VARIABLE. 



The integration of expressions of this kind presents 
some difficulties, and has, in many cases, never yet 
been effected in finite terms. 

The process depends upon the application of certain 
formulae, peculiar to each sort of transcendental func- 
tion, united with the methods already explained. 

For the case of exponential yitnetiom, or, 



/"•■/- 



Jx .dx, 
since we have 



da' = o' . log. adiT, 
we derive the form 

^ 1(^. a 

This is the elementary integral of exponential func- 
tion* ; and it is by the combinatiDn of this with the 
integration of^, that the complete integration is ef- 
fected. 

But to enter into this subject would be befodd the 
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plan of this treatise. The reader must refer to Lard- 
ner, p. 238, or Boucharlat, p. 240. 

Again ; with respect to coefficients involving tri- 
gonometrical Junctions, a similar brief remark must 
here suffice. 

For the integration of these functions there are ele- 
mentary integrals, derived from the forms for the dif- 
fn^ntiation of each of them; by the combination of 
which with the other process^ of integration many of 
these forms are int^rated. 9ee Lardner, p. itS5 : or 
Boucharlat, p. S35. 

But in all cases of transcendental JktnetioKS, we 
may obtain an approximate integration by series, ac- 
cording to a method about to be explained. 



INTEGRATION BY SERIES. 



After the foregoing imperfect sketch of the methods 
of integrating the various forms of differential expres- 
sions, it will here he the proper place to describe briefly 
the general methods of series. 

We have already seen that when any expression can 
be resolved into a finite series of terms, each of which 
is a simple differentia], we obtain the int^ral by taking 
the sum of the separate integrals of the terms. This 
principle is of very general application, as we will now 
proceed to explain. 

In the expression Xdx let ^ be a function of x^ 
which we can develope in the series. 

Ax' + Ba^ ■\- Cx" -^ (55). 

Then we shall h&ve/ JS'dx, 
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or, ji Ax'dx + Sa^dx + Ctfdx + . . .^ 

by taking the sum of the integrals of each term, or 
it = 

« + l /S + 1 ^ ' 

In this solution it is however to be observed, that 
should any of the indices a, ^, &c. be = — 1, the term 
so affected must be integrated bj logarithms. 

By this method, then, whenever the series termi- 
nates, we have the exact value of the integral. If it do 
not terminate we have still, in all cases, an analytical 
expression Jor the integral, but it will depend upon 
the circumstances of the case whether we can practi- 
cally apply it: that is, it will depend upon the con~ 
vergency of the series. 

This will be the case when the powers are in an 
ascending series, if x represent a quantity less than 
unity. 

If again the value of x be very great, and the powers 
descend or be negative, we shall also have an approxi- 
mation to the value of the integral. 

But in other cases we have no such approximation. 
Hence various methods have been sought and proposed 
for bringing such series into forms which will con- 
verge. 

We will proceed to investigate one method which is 
very general, for obtaining an approximate value <^ 
integrals by series. 

Let the expression to be int^rated be ^dx, and 
suppose 

fXdx^fx^C. 



,y Google 



INTEGRATION BY SERIES. 1J» 

If by Taylor's theorem we develope the value assumed 
hyjx when x becomes {x + k), and take the difference 
or increment, the constant C being added to each ex- 
pression, vanishes in the subtraction. And the value 
of the increment is the part of the integral included 
between the limits of the particular values of the va- 
riable XBnd(j;+A,)whichbeingarbitrary, may be called 
a and b. If then we take the integral^+ C, and also 
develope its value when x becomes x-^k by Taylor's 
series, we have the difference 



_iifx k d^fx h' , 



If now iT = o and a; + A = ft . • . A = ft — a, and the successive 

differential coefficients have determinate values which 
we will represent by A, B, Sac. ; thus we have the 
value of the integral between the Umits a, b, repre- 
sented by 

AS±zShs^±^^'+....(5r). 

This series is the more convergent, the smaller we take 
the interval ft— a. 

If therefore a large interval ft— « be divided into 
any number of small parts, as' n parts, each = a, then 
for the integral between the limits a and o+o, we 
have 

— + 1- .. .; 

1 1.2 

between a+a and a+3a 

A. -4. _?__+ . . . . ; 

'1+ i.a 

between a+Sa and a+Sa 
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Continuing to n such series, and taking their sum, they 
will compose the total value of the iotegral between a 
and b : or arrauging by powers of a, we have the inte- 
gral = 



I (-^+^.+4 • 


. +A..) 


+ ^^(S+S.+S,. 


..+B.) 


^r^.e^-^-^^. 


..+ C.) 


&c. &c. 





. (58). 



If we had taken a very small, we might neglect the 
powers above the first, or the integral would be ex- 
pressed by 

Aa + A^+^a+ ....A^...{59). 

For some further speculations connected with the 
subject of these series, the reader is referred to Lacroix, 
p. 274, &c. 

This method is the invention of Euler. 



BERNOUILLl'S SERIES. 



In the method of integrating by series just ex- 
plained, if we represent by ^dx a differential in which 
X is any ftinction of x, we have Jlrtt to reduce the 
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Jitnction represented by X into thejhrvi: of a »erie*, 
and then to integrate. 

In the method now to be investigated, we have the 

advantange of reducing the ea^ession CXdx inUi a 

series, withotit knotoing the developement of X. 

In the form for integrating by parts, we bare here 
to substitute X=u, x = v, and dx = dv, whence it be- 
comes 

J'xdx = Xx~rxdX (60). 

In the last term we may write 

dX=^-dx: 
ax 

and this last term may be int^'ated by the method 
of parts, by substituting 



— 5-^ dv=xdx. 
dx 



whence, since xdx= — 

2 



Substituting these values, the formula gives 

_dX W* 1 fLjd'X 

~~dx ''i~lU ~Sx' 
Het^ ag^n in the last term we may write 

dx diE^ 
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and to integrate that term we have to substitute 
-5 — =a ci^dx=dv 

aiid.-.v = - as'. 
3 

Hence by the same formula 

'^ da' daf Z J \dx' ) 



dr' ' $ sJ' dx' 



da:''' 

t]}e last term of which remains to be integrated in the 
same manner ; and so on successively. 

Thus making these successive substitutions in the 
original formula, it becomes 

fXdt=Xa~^^^ _^_^__&c.+ C..(6l). 
*^ dx 1.2 dif 1.2.3 ^ ' 

This series, which was the invention of John Ber- 
nouilli, corresponds in the Integral Calculus to Tay- 
lor's in the Differential. 



ON SUCCESSIVE INTEGRATION. 



Prom the process of successive differentiation it is 
evident, that if we have a differential coeflScient of any 
order, as many successive integrations must be per- 
formed to arrive at the integral, or original funf^n 
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irom which it was derived, as there are units in the 
exponent of its order ; and the same number of arbi- 
trary constants will be introduced. 

From the nature of successive differentiation it is 
evident, that 



J da 






this second quantity being one, which differentiated 
and divided by dx, gives the first. Again, 






dor -^ djB*- 
which, on the same principle, 

dor-' 

and again, 

dxr-> 2 

whence, in like manner, 

rrrr^fx _ a-'/x „ Bx- Ax- 

and so on succ^&ively ; until we have 
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In the brief and geneml account we have now gtran 
of the int^irai calculutt we have confined oureelvef to 
the case exjunctions ^one variable. 

But there is a large and important class of expres- 
sions which require integration, involving Junctions of 
two or more variahles. 

The processes employed for this purpose are of a 
complex nature, and in their principle are analogous to 
the method before explained of partial and total dif- 
ferentials. Into this extensive branch of the subject, 
however, we shall not attempt to enter. The reader 
is referred to Lardner, p. 260, Boucharlat, p. 369, or 
Lacroix, p. 319. 



Another important, extensive, and abstruse branch 
of the Calculus, is that which relates to differential 
equations : that is, equations involving two or more 
variables and their diSerenttal coefficients of any order. 
Such equations obviously take their rise from succes- 
sively differentiating a common equation between two 
variables : but the solution of them, or the investiga- 
tion of the integral equation from which they have ■ 
been derived, is in general of considerable <^fficulty : 
and for the theory of it recourse must be had to the 
works already named. 
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APPLICATIONS 

OF THE 

INTEGRAL CALCULUS. 



THE RECTIFICATION AND QUADRATURE 
OF CURVES. 



RECTIFICATION OF CURVES. 

To rectify a curve is to obtaia a straight line equal 
in length to the arc of the curve. Now we found be- 
fore* that the differential of the arc of a curve was ex- 
pressed by 

If, therefore, y=^fx be the equation of a given curve, 
we have only to fiod d^ or dx, and substitute its value 
in the above formula ; which will then ccnitaiD only 
one variable under the radical sign: then if the ex- 
pression be such as can be integrated, the curve is 
rectijidble, and we obtain 

t^f^dx'+dfK' + C (63). 

for the length of its arc. 
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The rectification of an arc of a spiral is effected 
on precisely the same principles: for we have (Diff. 
Calc. fonn 53) in this case 

whence substituting for one of the variables, as a func- 
tion of the other, 

z = f/ifd{fry + dr') + C. (64). 



THE QUADRATURE OF CURVES. 



In any curve referred to rectangular coordinates, 
(fig. 19.) the curvilinear area is a function of the ab- 
scissa and ordinate : and the ordinate being Itself a 
function of the* abscissa, the area is a function of the 
abscissa: and writing the values of the curvilinear 
areas corresponding to x, and to x + h, respectively, 
» and «„ the latter may be developed as a fiinctiDn. of j 
x+h, or we have, 

., ds, (?* h' 0. 

the area «, = « + -=-A + -j— ;— : + owr., 
da; dx'l.Z 

and we shall have therefore the increment 

dfi d'ak* , t 
dx dx ^ 

Also let the rectangle under the abscissa and ordi- 
nate, or I 

yx=xfx=p, I 
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and that under y(x + h)={x+h)/x^p„ 
whence its incremeot, or p, —p —fx . h. 
Comparing these increments, we bare 

ds, d'9 k' , , da d's h , , 
*.-* _ dx dx' a dx^dx'S 

P,-P >TA fx 

but passing to the limit ;, —s = (lim.) p, —p. 
Hence when h = 0, the above ratio becomes 

dxfx' 

whence ds=/x.dx', and putting iat fx its value, we 
shall have 

ds=t/dx. 



=fidx + C. ....(65). 



We have then to deduce the value of dx from the 
equation of the curve, substitute it in the formula, and 
then integrate. We might equally substitute for tf,Jx, 
derived from the equation. We may in particular in- 
stances choose either method, according as the form 
resulting may be less complex. 

We have here supposed that the coordinates are 
rectangular. If that be not the case, and the angle of 
ordination = u, we shall only have to modify the ex- 
pression in the following manner. 

The rectangular increment p, =p will now become 
an oblique parallelogram contained by the sides y and k. 
If, therefore, upon the side y a perpendicular be drawn 
from the extremity of k, this perpendicular =^. sin. a>. 
Hence we have, 

p, —p = y .h . sin. x. 
We have, therefore, only to substitute this value in 
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the denominator of the expression, and Uie result ar- 
rived at as before will be, 

8= /ydx sin. »+ C. .... (66). 

An integral such as ifxdai may always represent the 

area of a curve whose equation is y=Jk. For this 
equation being given, if we substitute the value of y 

iu the formula jydx, we shall have fficdx for the area 

of that curve. It is on this account that when a pro- 
blem conducts us to the int^;rating a function of only 
one variable, the problem is said to be reduced to quad- 
ratures. 

According to what was observed before, the expres- 
sion /ydx+C is a general or indejtnite integral. But 

if we made the supposition that the int^ral should 
vanish when j; = a, it would be a particular or d^nite 
integral. 

To apply this to the quadrature of curves. 

In making the hypothesis of the integral being 
when x = a, we suppose that taking an abscissa = a, 
(fig. 20, 21.) the area is comprised between the or- 
dinate at a, and the indefinite limit of the ordinate 
corresponding ijo x. A second limit will, in like man- 
ner, be fixed, if we give to x a determinate value h ; 
and then the particular integral will give an expression 
for the area comprised between the ordinates at the 
given points a, h. 

In this case we are said to effect the quadrt^ure 
between the limits a and b. 



,y Google 



QUADRATURE OF CURVES. 183 

To find the area of a sector of a spiral included be- 
tween two radii and the curve. 

(Fig. 22.) Describing a circular arc through any 
point P with radius r, cutting off the increment k 
from any other radius, forming with the first the in- 
cremental angle ^ we have the triangular increment, 

^ 2 

For the Bector, or polar curvilioear area, we have, 

ds . 

Hence the ratio of the increments 

ds . dt i 

^ y + &c. -r + &c. 



/>.-/> (r + A) rMn.x (f + *)f sin.x 

2 a X ■ 

But in the limit sin. x=X) And the triangular incre- 
ment = the curriiinear. 

Thus when h = 0, this ratio becomes 

r- ~r>* 






r'dl 
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DETEKMINATION OF THE SUBFACES AND 
CONTENTS OF SOLIDS OP REVOLUTION. 



THE SURFACE OF A SOLID OF REVOLUTION. 

If a curve, (fig. 19.) lying in one plane, revolve about 
the axis ^, it will generate a solid of revolution. We 
will now investigate the expression for the dlfiferential 
of the surface of the solid which is thus generated. 

For this purpose, taking 

y.=/(x + A)=y + |4+giL + &c.: 

then the ordinates y and y, describing, in the course of 
their revolution, unequal circles, these circles will be the 
bases of a truncated cone, of which the chord x will be 
the side ; and the expression for the surface of this 
trunca.ted cone will be 



circ. y + circ. y. 



; chord. : 



or, representing by ■■ the ratio of the diameter to the 
circumference, 

2g ■ y + 2»y, ^ (jjjord z = »(y + yjchord « ; 

whence, putting for the ordinates y, y„ their analytical 
values, we shall have 
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surface of truncated cone z, 

=»( 2y +^A + -j^ — -- + &c.)c'iord«, 
\ " dx da* l.Z / 

and dividing bj chord z, 

surfaceofconez , / rfy^ i/'y h' . \, 
chorda V '' dx daf 1.2 J 

If now we represent by « the arc of the curve, and by 
u the surface generated by that arc ; since, on dimin- 
ishing h, the arc tends to coincide with the chord, the 
first side of the preceding equation must be replaced in 
the case of the limit, by the ratio of the increment of 
the curvilinear surface to that of the arc of the curve : 
hence, when k=0,we have 

incr*. u _0_du_-^ 
incr*. « 0~ ds 

whence du=.^liKyds\ and pitting for dt its value, 
we shall have, lastly. 



du = SayVrfar'+t^, 



THE CONTENT, OR CUBATURE OF A SOLID 
OF REVOLUTION. 



Let V be the volume of the solid generated by the 
revolution of the curvilinear area », (fig. 19-)) about the 
axis jr. 

X4 
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If the abscissa jr becomes x + A, this vdume will be 
augmented hj the part generated by the revolution of 
the trapezium ;„ included by the two ordinates, the in- 
crement h, and the portion of the curre intercepted, 
about the same axis ; and since the volume generated 
by the revolution of the area « is a function of x, the 
volume generated by the revolution of < + f, will be a 
function of x + h^ and will be expressed by 
dv, (?» h' 

!). = + — A+-J— — - + 

dx dx* 1.2 

whence, subtracting the volume s, we shall have the 
solid increment s„ 

dvi <Pp h' 

dx dx' l.S, 

Now let j}= the cylinder generated by the revolution 
of the rectangle xy and p„ that by {x + h)jft '■ then the 
increment, or the cylinder yjk will be 

Comparing these ratios, we hare 

dv, ^t> h' . 

-^n + -= — ^— + 

P.-o^ffo dx* 1.2 



P*~P w{J{x+A)y.h 
dv d'v h 

_^ ^r2 



'(yi^ + A))' 
but in the limit c, — 1> = (lim.)p. —p :. hence when A = 0, 
the ratio becomes, 

0_j_ dv 

^ 



"(»• 
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whence we have 



■ dx 

.:.dv= wy'dx, 

or r —Jvy^dx-Y C. 
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APPLICATION OP THE INTEGRAL CALCULUS 

TO THE DEVELOPEMENT OF CERTAIN 

FUNCTIONS. 



I. Since we have 

loz.(a+x) = /~ = /dx . 

By developing we obtain 

1 I X X' x^ . 

= - — —4- +OEC.; 

a+x a a* ' a' a* 

consequently, 

/!^ = /-(l-£+5:-^+&c.U; 
Ja+m -J ya a* a' a* ' 

whence, by int^rating each term separately, we shall 
obtain 

J a-\-x a 2a' 8a 
Or we shall have 

log. {a^x)J^-~ +^ -&C.+ C. 
^ ^ ' a 2a* 3a* 

To determine the constant, we must observe that 

when d: = 0, this equation is reduced to log. a=:0+C; 

which value being substituted for C, the equation will 

become 

log. (« + *)=log-« + ^-|.+|,-&c. 
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II. If we take the expression „ 

1+x 

This differential belniF written thus, x dx, we 

have the developement 

— L_,=l -ar'+««-a!'+&c. ; 

and, therefore, 

Jl + x" 3 5 7 

which by circular arcs, is 

tan.-x=ar-5+^-^+&c.... + C. 
3 5 7 

When jr=0, the arc becomes 0, and we have there- 
fore C=0. 

If the tangent be greater than unity, the terms of 
this series will go on increasing, and we cannot there- 
fore give an approximate value of the arc ; in this case, 

we shall obtain a converging series by putting «= -in 

the equation, which will change it into 

1 1 1.1 1,1 



whence, multiplying the two terms of the side by af, 
• we shall have 

!+«» Jt" iB* 3^ 

and dividing by ai*, we shall obtain 
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consequently, 

Jl+3f JKai' X* of a? ) 
uid. performing the integrations eeparatelj, 

tan-'«= -i+— — L +&C.+ C. 
a; 8a!» fix' _, 

To determine the value of the constant, we must not 
put fc = 0, for then the terms of the second side of equa- 
tion will become infinite ; but bj making jc s w , the 
expression tan ~V will become equal to the quadrant 

of the circle, and the equation becomes -=0 + C; 

whence we have 



ni. Let there be given 

We can develope (1— jt")"* by the bioomial theorem 
in the following manner: calculating first the coeffi- 
denta of the developements of (1 — a:*)", on the hypo- 
thesis of m = — ^, by writing down in order 
„ m—\ m—% »»— 8 , 
2 3 4 . 

and changing m into — 4 in these expressions, when 
they will become 
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-1 _? _? _7.&c 
2' 4' 6* 8' 

and multiplying—- by — -, that product by — ^ and 

so on, we shall form the coefficients which are to be 
substituted in the place of A, B, C, &c. in the equa- 
tion 

(I - a?")-*- = 1 - ^JB* + Ja:* - CV + &c., 
which will give 

_L= = l+|x-+i.?x. + l.?.|^ + &c., 
and by integrating the equation 

we shall find 

. _, 1 x* 1 3 a;* 1 3 6 j;' . 

sin. j:=3! + — .— +--—. — =—.—.-.— +«c. 

We put no constant, because when :r=0 the arc whose 
sign is X vanishes. 

This formula will serve to determine an approximate 

value of the circumference ; for by making x=-, it is 

reduced to 



"'3 2 S'S'S' a^'SsT' 2"4*6"7'a' 



+&C.: 



hut the sine whose value is - , is equal to half the side 

2 

of a regular hexagon, and answers to the twelfth part 
of the circumference ; so that we shall have 
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circumf. _1 111^ ^?li_ l?^Ii, & 

12 a"'"23'a»"*"2"4*6'2'"'"s'4'6'7S'"'" *^'* 

and consequently 

- ,„/! Ill 1311,1 351 1 . , \ 

circumf. = 12 1- + -.-.— j.-.-.-. — .-. H«c. I, 

Va^3 3 2» + 3 4 5 8' 34 6 72' V' 

taking the ten first terms of the series 

1111 , 

2^3 3 3* 
we shall find for the sum 

0^2359877, 
and therefore 

i circumference = 6 (0,52359877) = 8,14159262, 

a value which is correct to the last figure of the deci- 
mals. 
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ALGEBRAIC THEORY 



CURVES. 
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XhE design of the ensuing Supplement is to 
render somewhat more complete the algebraic 
doctrine of Curves, particularly those of the se- 
cond degree, as given in the former Treatise ; 
by supplying some omissions, and furnishing 
the student with several additional investiga- 
tions, easily deducible from the principles there 
laid down ; which lead to more general views 
of the properties of the Conic Sections; and 
which will form a better preparative for the 
subsequent investigations of their other rela^ 
tions by means of the Differential and Integral 
Calculus. 
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ADDENDA AND CORRIGENDA 



THEORY OF CURVES. 



P. 23. 1. 23. The two latter equations may be 
omitted ; we odIj want 

and in applying the formula for transformation, it must 
be recollected that we have here used the symbols x, y 
for the oblique, and x, y, for the rectangular coordi- 
nates. In the introduction they are used in the reverse 
sense. Hence the formula (Introd. 6.) which is 

y=x, sin. xxj+y^ sin. xy„ 
becomes 

y^— — j: sin. ^+y sin. ^. 

P. 27. After line 3. add. 

Since F7^„ upw =.r,— jf„ which, by (art. 6.), since 
K=0, becomes 

9 9 

P. 28. 1. 6. It will be understood that these two 
values are those of Xj„ x^, by taking half the sum of 
which, we obtain (in the next line) the value of x«. 
b3 
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P. 33. 1. 10. The expression would be better written 

~.a' + a* + Sax+x*, 
and that in L 12. should be 

y=£(-«'+c«+*)')* 

and again, in L 17. 

P. 37. art. 39- It may be remarked that the form 

Bxif+I>ff + Ex + F=0, 
when Z> = and E = becomes Bxy= —F, 

-F 

or,xy = -^ 

in which, when x=0 ff=x., or the axes to which the 
locus is referred, are the asymptotes. 

P. 42. 1. 31. The three first steps of the solution 
may be more clearly expressed thus : 

r'.sin.'tf= i (!-€•) a' -(1-e') aV 

-2(1 -O a e rcos.fl-(l -e*) r" cos.'fl,| 

or, r* sin.'fl+r* {l—e') co8.'fl+r.2(l-e') a&cos. 6 
= {l-e'){a'-a*e') 
r" (sin.'fi + cos.'fl — e' cos '6) + r . 2 (1 — e*) a e cos. $ = 
r* (l-c'cos.'fi)+r -.2(1-6*) oecos. fl 
= (l-e')(a*-a'e') 

r' ^^(l-g')Qgcos-^ _ (I-g')(«'~«'g') 
l—e* cos.'4 1 — c' cos.'fl 

P. 58. last line, read, " or dividing by r', tratupM- 
" f'n^ and extracting the root." 
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A SUPPLEMENT 



THEORY OF CURVES: 

CONTAINING SEVERAL ADDITIONAL PROPERTIES AND 
INVESTIGATIONS. 



FIRST DEGREE. 



The followiag propositions are readily deduced from 
what is ^ven in the body of the Treatise respecting 
lines of the first degree. 

(1.) Since from the general equation we have 
S_mi.lx 
A sin. ly 
when the axes are rectangular, and the line passes 
through the origin, we have 

sin. /x = cos. fy; 

whence -^ = tan. Ix. 

(2.) To express the equation to a straight line which 
shall pass through two given points. 

Retaining the notation of art. 8, the two points are 
detennined by the coordinates 
b4 
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the equation of the line to pass through x, y„ is 

and since this line is also to pass through x, y„ the 
same equation must bold good when x and y have the 
particular values x, and j/„ or we have 

■^ (y. -ys) + -S («, -iT,) = ; 
hence bj division these equations become 

-B y.-y* 

whence by subtracting we have 
x—x^ X, — if, 

y^5^^-y»' 

or (a;,-^,)(y-y,)-(j:-ar,) (y.-y,)=0, 

which is the form required. 

(9.) The expression (art. 7-) for tan. /A might be 
simplified, if we had assumed the equations to the two 
lines with the coefficients a, a, each = 1 ; in which case 
the expression becomes 

1+6/3 — (6 + jS) COS. w 

(4). To express the equation to a straight line which 
forms a given angle with a given straight line. 
Let the equation of the given line be y + hx + e^Ot 
sought. . . y + ^+y^O. 

Let the tan. of the ^ven angle /A=±m. 

Then, from the above formula, by multiplication. 
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m + mb ^— »»(ft + /S)co8.i»=sui. »(y3 — i) 

m + mh p—mb cos. m — m^ cos. u = sin. w j9— sin. a>& 

.■.(sin. v + mb — m cos. ») ^=(8m. »— m cos. ») b — m 

(sin. 0) + ?»(&— COS. (<>))y3=8iQ.<)> b—m (1 +&co3. w) 

.-.y3 = i sin. w— m (1+d cos. on) 
sin. CD + m (6 — cos. w) 

which value substituted in the equation gives the line 
required, since 7=0, by supposing it to pass through 
the origin, or may have any assumed value if it do not. 
(5.) Cob. If the lines are to be at right angles 



J v a — (1 + i cos. w) 

and we have p= — \, ■'. 

6— cos. u 



(6.) If the axes are also rectangular 
a 1 
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SUPPLEMENT TO CURVES. 



SECOND DEGREE. 



PROPERTIES OF THE TANGENT, SUBTANGENT. 
NORMAL, &c. 

(1.) To find the equation to a tangent to a curve of 
the second degree at a given point in the curve. 

The coordinates of the given point being x, tf„ the 
equation to any straight line pasting through that 
point is (Curves I. 8.) 

y-y^=m{z-x,). 
The general equation of the second degree being 

^^px + qsc'; 
and this holding good for the point x^ y„ becomes 

y,'-px,+qx,\ 
Whence by subtraction 

y'-y,'=p(x-xj)+g {x^-x,% 

or» (y-y.) iy+9»)=P (x-x,)+q(x-x,) (x+x,). 
And since at any point in which the straight line meets 
the curve the coordinates of the line and curve are 
identical, we may for any such point substitute the 
value of y from the equation to the straight line : or 
the above expression becomes 

m(x~x,) (y+y,)=p(X'-x,)+q{x-~x,) (*+«,); 
by which we get rid of the factor x — x„ and 



Whence m = —£— + a . .'. 

y+y. y+V' 
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The equation to- the straight line with this value 
of flt belongs to a line meeting the curve in the point 
x^y^ and also in any other point x y. If this point 
unite with the former, the two points of section merge 
in a point of contact, and the equation is that of a 
tangent: thus we have x = x,y = y^ 

and the equation becomes 

This expression for m involving p and q, will of 
course assume a different form in each species of the 
curves. This consideration enables us to put the ex- 
pression into forms convenient for finding the value of 
the subtangent, &c. in each curve. 

1. In the parabola q~0, and the equation becomes 

y_y. = ^_ (x-x.), 

or, 2y, y — 2y,' =px —px, ; 
substituting for y,' =px„ this becomes 

2y,y=px+px,. 
At the point where the tangent meets the diameter we 
have in its equation y=0; hence in this case we have 
the corresponding value of ;r= ~x, 
.■.x+x, = S,x„ 
or the subtangent = S the abscissa. 

2. In the central curves, substituting the values 

p = — and q=—, 
^ a a' 

we have, 
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o y. oy, o" y, yJ 

Hence the equatioo becomes 

whence 

o'y^ — a*y/ = 6* (a + a; J j: — i' (a + x^ «,. 

But from the equation, (^. ii. 24. c-V substituting the 
value of a'y,' = 6' (aa;, + «,') + h'ax^ 
we have a'y^-'h* (o +ar,) x = b'ax,. 

At the point where the tangent meets the diameter, 
f » its equation, 

y = .-.x^-^^. 

a+x^ 

Whence the subtangent, or x + a 

_aXj + (a + x^) x,_Zax,+x,' 
a+jT, a + x, 

or the gubtangeut=the rectangle of the abscigsa di- 
vided by the ahacigsa Jrom the centre. This ex- 
pression evidently includes that for the parabola where 

Hence is easily derived the following propertj. If 
f be the distance from the centre at which the tangent 
meets the diameter, we have 



Hyp. 
EU. 

or, substituting the value of x above. 



= o + ar4 
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or the distance Jrom the centre to the tangent x dis- 
tance/rom centre to ordinate = (semi-dtam.y. 

(S.) If we had supposed the origin at the centre, we 
should have had the general equation to the tangent 
for the central curves, 

Whence a'y^ — a'y,' = 6V,a;— i'a,'. 
And from the equation to the curve 

a'p,' = — &*«* + h'x,* ; 
whence the equation to the tangent becomes 
t^tf:^ + b'a' — b'x,' = b'x^ — b'x,' ; 
or, a'y«y ~ b^^^x = — b'a'. 
This form is sometimes used, 

(3.) From the formula above given, in lines of the 
first degree, for the equation of a perpendicular to a 
^ven line (7), since we have the equation to a tangent 
to a curve of the second degree, 

y— y,=s)M (x—x^). 
llie equation to the normal is 

y-!'.= -—(*-«.)» 

and when y = 0, we have 

x—Xj = m^,=.s; 

which is the value of the subnormal: whence, bjthe 
right angled triangle, we have the value ^ the nor- 
mal: 

n = V((x~ x,y + y,') == V (fli»y,' + y,'). 

Do,1,7cd.yGoOglc 
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In the parabola, m=S- .-.* = "; 



also, » = v(^ +J'.')- 



In the dUipse and hyperbola, taking the origin at 
the centre, 

b' X, b' 

m = — .— .•!«=— aj, 

a* y, a' 



=v(^.,.,,). 



(4.) In the ellipse and hyperbola we have directly 
from the focal construction, if r and r, be the lines 
from any point to the two foci, (as in the Conic Sec- 
.tions,) 

(5.) If at that point ^ be an ordinate to the axis, 
aCy the excentricity, and the centre being the origin, 
we have in the right angled triangles 

r' = y^Jr{a€~xy 
r*=y' + (ae + xy 
■ ■.r,' ~r' = iaex 

= (r. + r)(r,-r) 
-2a(r, + r) 
.■.(r, + r) = &ex 
and since (r, ±r) = Sa 
subtracting, ±r=a~ex 
and adding, rj = a+ ex. 
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(6.) If s be the suboormal, we have the distance 
from the centre to the foot of the normal, or, 

=ar(l-l+e')=e'a;. 

Hence writing h and k for the distances from the two 
foci to the foot of the normal 

h = ae—e'x k = ae + e'x 
. h _a — ex=: ±r 

Thus the segments h k being as the sides r r„ by £uc. 
VI. 3. the normal bisects the angle r r„ or the ad- 
jacent exterior angle. 

And consequently the radii r r, form equal angles 
with the tangent. 



The following general properties of diameters may 
be easily obtained from the principles already laid 
down. 

(7.) To find the equation to a diameter of an ellipse 
or hyperbola which passes through 9 given point. 

Let the coordinates of the given point he x, y,. 
Those of the centre (in the formula for a straight line 
through two given points) are ^^ = x^==Q. Hence 
that formula ^ves as the equation to this diameter 

x^ — xy, = 0. 
Hence we may find the equation of the diameter g 
conjugate to this last, which we will call d. 
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Fnnn the Theoiy of Curves. (§. ii. 22.) we find, 
taking as the equation of the diameter, g, 

that of <2 will be iA0y—2Cax=O; 

but comparing this with its value deduced abore, 

whence - = ^-i; but-j=o=-, 
a y^ A ' a' 

.'.the equation to^ becomes 



(8.) To find the relation between the values of anj 
two conjugate diameters, and those of the axes. 

Let jr. y, be the coordinates of the vertex of the 
semi-diameter d; then from the right angled triangle 
formed by the semi-diameter and the coordinates of 
its vertex, we have, 

d'=:x,' + y,', 
or substituting the value of y,' from the equation of the 
ellipse referred to the centre 



=»...,(i-^) 



or since (Curves ii. 30.) - = 1 — e", 
er 
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by substituting this value the equation becomes 

But the equation of the semidiameter^ conjugate to 
d, being, as we have Just found, 

dividing each term by ab, we have 

o a 

But this is (as above) the form of the equation to a 
diameter, the coordinates of whose vertex are 

Here again we have, therefore, 

o' or 
which, substituting the value of y,*, 
/6' 



-"■-<-')' 



In the hyperbola we have in the same manner 

a' ' 

which, as above, we find 

and since here — .=«»— I, this becomes 
a' 

In like manner, for the conjugate diameter, (since 
the expressions for the coordinates of its vertex were 
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not deduced, m the former case, on any assumption as 
to its being a point in the curve, and may therefore 
apply to the conjugate diameters of the hyperbola,) 
we hare, 



■•04:) 



= — «* + £*«,'. 

Hence subb'acting, we deduce, 

or the sum in the ellipse and the d^erence in the 
hyperbola, of any two conjugate diameters is equal to 
the gum or d^erence <^the axes. 



(9.) Hence we may also deduce that the sum in the 
ellipse, or the d^ffhrence in the hyperbola, of the 
squares qfthe coordinates y of the vertices of the con- 
jugate diameters, is equal to the square (^the semi- 
eonjttgate axis: and the sum or difference of the 
squares of the coordinates x, is equal to the square of 
the semiaxis. 

For we have from the last article, 

!f,-±y.- — =-5-^-. 

and from the equation to the curves, 

+ a'y/ = h'a* — 6'ar,'. 

, - b'a* 1, 
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Alsawe have d'+g', or 

a-' + y^ + X* ±y* = a' + h', 
and adding or subtracting the last equation, 



(10.) Let the angle at which the diameter d meets 
the axis = ^, and that at which g meets it = i//. 

Then from their respective equations (7) taking the 
coefficients of ;r in each, according to firat degree, (1) 
we hare 

tan.A = s-' tan.il' = — 1, 

whence tan. 4> . tan. if'=— . 
a' 

But this being = J is + in the hjrperbola and— in the 
ellipse. * 

Or the tangents of 4> and i^ have the same sign in 
the hyperbola, but different in the ellipse ; that is, the 
angles lie in the same quadrant in the hyperbola, 
and in adfcKent quadrants in the ellipse. 

If we have tan. if> . tan. il- = 1, 



then tan.d= =cot. J/, 

^ tan. jj- 



Thus the ellipse becomes a circle, and any conjugate 
diameters are at right angles. 

The hyperbola becomes equilateral, and any two 
conjugate diameters form equal angles with the two 
axes and with the asymptote, 
c 3 
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(11.) From the polar equation to the ellipse and hj- 
perbcda referred to the centre, (Curves, ii. 34.) we may 
deduce that diameters which Jbrm equal angles with 
the axis, tire equal: since r in this case is any semi- 
diameter ; and if in two values of r, cos. S is the same, 
these values are equal. 

The same polar equation also shews the maximum 
and minimum of the diameters. In the ellipse r is a 
maximum when the denominator (l—e' cos.' 6) is a 
minimum ; that is, when cos. fi is a maximum, or when 



In the hyperhola the equation 1: 

V cos.'fl-l/ 
when COS.' fl= — , r=oo , or becomes the asymptote. 



if COS.' fl > -. r b real. 

when COS.* 9=1, or 0=0, r is at its minimum. 

From the first of these cases it follows, that since a 
negative value of r corresponding to the same angle 9 
on the other side of the axis would also be infinite, the 
asymptotes Jbrm equal angles with the axis. 

Also, since in the case of the asymptote, we have 

COS.' 8 = —, 
and, consequently, c* = — ~ , 
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or, tan. fi = -. 
a 

(12.) In the ellipse, if two conjugate diameters are 

equal, they form equal angles with the axis, by (11.) 

Hence <i>=^, and the expression, (10) becomes 

b* 

tan.' d= 

a 

.■.tan.A = - 
a 

tan. 4-= — 
a 

or the equations of the equal conjugate diameters wil} 
be. 



y 00-^ 

a 

or they will coincide with diagonals of the rectangle 
described on the axes. 

If an hyperbola have the same axes, we before found 
that the inclination of the asymptote was expressed by 
the same equation. Hence the equal cor^tigaie diame- 
ters qfan ellipse coincide with the tisymptotes qf an 
hyperbola on the same axes. 

(13.) In general ^ and i^ being- the angles at which 
any conjugate diameters meet the axis, (^+<l') is the 
angle at which they are inclined to each other. Hence 
we have, by trigonometry, 

C3 
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^ 1-tan. <^.tan. if- 

In this expression since by (10) tan. ^ . tan. if/s a con- 
stant value, the denominator is constant, and the value 
of the expression is a minimum when the numerator is 
so ; but in the ellipse tan. if» and tan. if/ hare different 
signs. Hence the numerator becomes tan. — tan. if/, 
which is evidently a minimum when tan. ^=tan. if-; 
Or that pair of eot^ugate diameters which form 
equal angles with the axis, and which consequently by 
(11) are equaltjbrm the least angle with each other. 

In the hyperbola it is manifest from what was b^ore 
shewn, that the case tan. ^=:tan. if' is that of the con- 
jugate diameters coinciding with each other, and con- 
sequently with the asymptote. 



(14.) In the Parabola we before found the equation 
to a tangent at the point x^ y„ to be 

and 4> being the angle at whicb th? tangent meets the 
axis, (and which is also the angle at which the diameter 
through X, tfj meets its ordinates.) 



tan. ^=-f- 

2y. 



which may be written 



sin. <ft_ p 
cos. ^~Sy, 



,y Google 



SECOND DEGREE. £8 

whence, 3y, sin. <f>=p C0$ ^. 

and squaring, 4^,' sin.* ^=p' cos.* if>. 
Substituting, 4ipx^ sin.' ^=j>* (I —sin.' ^). 

Dividing by;,- 1 (■l^.^.iVn.- ^=1 
and transposing } \ ji f 

■ •.sin.* A=— ^c 

If r, be the focal distance of the point x^ y, and p^ 
the parameter bdonging to that point, we have 

p, z= 4r„ 
And from the construction of the curve by the di- 
rectrix. 



w:hence, p, = 4r, +p, 

and substituting this value in the former equation, we 

have 

sin.* A=£- 

With any other point, when the parameter is^^ we 
should have in like manner, 

sin.*A,=^ 
Pi 

whence, t^^ =B 

sm.' 4>t pt 

or in the parabola the parameters of any diameters are 
inversely as the squares of the sines of their an^s of 
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(15.) The following property is only a particular 
case of that which is shewn generally in curves of the 
nth degree, Sect. V. 11. but on account of its peculiar 
importance in connection with the properties of the 
curves of the second degree as deduced trom the cone, 
it may be proper here to give it. It will be seen to in- 
clude all the general properties investigated in Dr. Ro- 
bertson's Conic Sections, as well as those cases given in 
the first part of the Elements of Curves. 

The general equation of the second degree, if y = 0, 
is reduced to 

This corresponds to the intersection of the locus with 
the axis K. 

Hence x'+^= -^ 

which we may write ar' + 2cx = d, 

and solving the equation, a;= —c±'/d+c\ 

The two values of x belong to two points of inter- 
section, and these values multiplied together give 

— c + Vrf + c' 

^c—^d+C 

t*~d+e 

oTf writing the two values a, a„ 

a .a,= —d=-g^ 

In like manner, if in the general equation a: is = 0, 
we have two values of y corresponding to intersections 
with the axis X, and by a similar notation, 

bb,= -d, = ^, 
A 
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Hence the ratio of these products, or 

bb,~'CF~V 

OT is a constant ratio : being that of the coeffidents of 
X*, ^* in the original equation. 

Id the form for transformation it is evident, that in 
the most general i^ase we have to substitute for-x and y 
expressions involving x^ and y^ with new coeffidents : 
that is, the values of the coeffidents of x, and y/ in the 
equation will be different from those in the former. 

When, however, the new axes are parallel to the 
former, we have only to substitute x^ + x^ and y, + y^ 
in which case the coefficients of x/ and y,' will remain 
unaltered. 

If therefore we now suppose the same locus referred 
to axes parallel to the former, and still intersecting 
them in points corresponding to two values 

««. ^A. 
we shall by predsely the same process have the ratio 
aa,^A 

or in the same constant ratio as before. 

Since the axes in each case may be considered as 
any straight lines intersecting the curve, and meeting 
each other parallel respectively to any other two se- 
cants, we have the general property that the rectangles 
under the segments of the two first are always pro- 
portionals to the rectangles under the segments of the 
two last secants. 
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(16.) The properties here, given of lines of the se- 
cond degree, combined with those investigated in the 
body of the tract on the thepry of curves, will be suffi- 
cient to enable the student to form a complete system 
of the propertiesttf the Conic Sections grounded upon 
these algebraical principles. To assist in making such 
deductions we will subjoin a brief synopsis of the seve- 
ral fundamental principles here established, and the 
order in which the differential properties follow from 
tiiem. 

1. The equation of' the curves as referred to any 
diameter. Heqce follow 

The properties of rectangular diameters, and the 
formation of the curves in the cone. 

Two curves of the same kind, on the same axis, with 
the same vertex, have their ordinates through the same 
point in a given ratio. 

Hence the construction of the ellipse by the tram- 
mel. 

3. The value of the subtangent. 

Hence the semi-diameter a mean proportional to the 
segments. 

Whence in the hyperbola the properties of conju- 
gate ordinates, [C. S. I. i. 39] ; but these are of no 
importance. Hence also (C. S. I. i. 44.) the (semi- 
diam.)'=rectaD^e of the segments of the parallel, or 
vertical tangents. The use of this proper^ will, bow- 
ever, be superseded. 

3. The focal construction of the curves and their 
■pcHar equations. 

Hence, sum or difference of focal lines =aKis. And 
focal lines form equal angles with the tangent. 

These properties may be deduced either geometri- 
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callj, or bj means of the Dormd, (as- in this supfile- 
ment). 

In the parabola. 

The bisection of the angle follows, either as in the 
Conic Sections, or from the subtangent. 

The normal and subnormal, &c. either geometri- 
cally, or as in the supplement. Whence all the re- 
maining properties follow directly. C. S. I. ii. (li— 11.) 

In the central curves the propertire of the fbcal per- 
pendiculars, normal, &c. follow directly. (21 — 37). 

The subsequent articles may be deduced either as in 
the Conic Sections, by the help of the property [i. 44.], 
or by this supplement ; having establi^ed the property, 

we deduce 

rf" = r.r, [39], 
and thence [80—33]. 

Art. (38.) follows from the equation of the curve 
and (29). 

Art. (39), or the ratio # = determining ratio, is in- 
cluded in the polar equation : from whence also in all 
the curves follows the property) that the semt-latu» 
rectum is an harmonic mean between the segments of 
any chord through thefocua. 

This is given in C. 8. Part II. ii. 

It may perhaps be an assistance to the student to 
have this deduction given algebraically, and in a form 
somewhat more perspicuous. 

1. The quantities a, b, c, are said to be in harmoni- 
cal progression, if we have 

a^a—b 
c b—c ' 
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Hence ^—ac=ac—hc; 

and dividing hy abc 

1-1=1-1 
e h b a 

.•.1 + 1 = 1 + 1=:?. 

c a h b b 
In the polar equation of the second degree, if r r, be 
two values of r, lying in the same straight line on 
opposite sides of the focus, they correspond to the geo- 
metricai description of the segments of any chord 
through the focus ; and these forming angles in alter- 
nate quadrants, the signs of the cosines will be differ- 
ent : thus the sum of their reciprocals will be 

11 _ 1 +g cos. 6+1— e cos. i)_ 2 
_ _ _ __. 

Consequently, by what was premised respecting har- 
monic progression, the quantities r, -Jp, and r„ are in 
such a progression. 

We have also made use of the polar equation refer- 
ring to the centre to trace some general properties of 
the diameters, &c. which are not investigated in the 
Conic Sections. 
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Let it be required to trace the curve whose equa- 
tion is 

Whence, y< + 2ay'jr=«ir», 

and solving this as a quadratic, we have 
y'-{-aa; = + a/ (oar' + a V) 
.■.y= +v'[-aj;±v'(aa:' + aV)]. 
Here a being supposed+with +x, two values of y are 
impossible. 
When j: = y = 0, and four values of y vanish. 
l{—x=a i/ = A/(o' + v'(-a*+a*)) 

= + a, and the four values merge in two. 
If— a:>a.. .— aj^> +aV ..y is impossible. 

—X <a xaf < flwr*, or .t* < ax" 

.-. — aa!^<oV, 
or all the four values of y are real. 

Hence the locus cuts the axis at the origin, so that 
four values of y vanish on the negative side, and two 
on the positive. (Diffl Calc. Fig. 12.) On the positive 
side it extends ad infinitum in two branches. 

On the negative side between O and a the locus cuti 
the ordinate y four times, and the parallel through a 
forms a tangent at two points, one above, the other 
below -^i at which points ff=±a. TKe curve.", 
forms two nodes, and has a triple ppint at the origin. 
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iVTH DEGREE. 



PARABOLA AND HYPERBOUE OF ALL 
DEGREES. 

The statement respecting the infinite branches of 
the «th parabolae and hyperbolse, (Sect. V. 8.) may re- 
quire this preliminaty obserration. 

If in the general form y'=p3f m sad n are both 
even number*, it is evident that they are both divisible 
by S, or some multiple of 2, until at least one of them 
result an odd Dumber : and the indices must be thus 
reduced, in order Uiat the equation may be in its lovest 
terms, so as to give it in its real dimensions ; the index 
of the constant being immaterial. 

It is therefore supposed that the equation is thus re- 
duced before we apply the considerations in Art. 8. 
Thus the several cases (which apply either to + or 
— m) may be more generally and persi^cuously stated, 
as follows : 



m even 




n even 


+ jr gives +/)!"... ■ 




+y" ■■■+» 

oodd 


modd 
±x.... ±px"... ■■ 


'{ 


+ y.-.+y 
n even 




~^ imposs. 



The following remarks on these curves may also be 
added. 
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1. In the general equation 

If we have +m—n, by extracting the root on both 
,. sides we deduce 

y=pi>x, 
or the parabola becomes a straight line. 
If we have — «» = m, in the same way 

or the equation is that of the common bjrperbola. 
S. In general we have for the hyperbolae, 



y=^and 


■y-^. 

^ 


*-=£and 

r 


■.x=^. 


M > » and therefcre 


{ajbrthri) 



creases faster than y«. 

Hence from the above values of y we deduce, that 
when m>n,y varies more rapidly than x, or the curve 
approaches more rapi^y towards the asymptote X 
than towards Y. And the reverse will be the case if 
m<n. The common hyperbola approaches both asymp- 
totes equally. 
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